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1 Introduction

Unlike complex solutions, the number of real solutions to a system of polynomials
depends upon the number of monomials and not on the degree.

In 1980, Askold Khovanskii [3] showed that there are at most

n+k

2" ) (n 4 1)
nondegenerate positive real solutions to a system of Laurent polynomials
f1($1,...,$n) = fg(.ﬁ[‘l,... ,ZE’n) = s = fn(lE’l,.. .,iEn) = ( (1)
having a total of n + k£ + 1 distinct monomials.
The fewnomial bound asserts that a system of 2 polynomials in 2 variables with
5 monomials (k = n = 2) has at most 5184 positive solutions. The first concrete
evidence that it was overstated was given by Li, Rojas, Wang in 2002 [4], who

showed that 2 trinomials in 2 variables have at most 5 positive solutions. This is
a (non-general) system with n = £ = 2.

2 New Fewnomial Bound

Theorem. A system (1) of n Laurent polynomials in n variables having a total of
n + k + 1 monomials has fewer than

2
e’ + Bg(g)n’f
4
positive solutions [1]. For & fixed, this is asymptotically sharp in n [2].

The proof uses a completely different approach than Khovanskii's induction.
When n = k = 2, this bound is 20 (< 5184)!

3 Gale Dual System

Typically, a polynomial system (1) is formulated as an intersection
X NL cpr*

X : The toric variety parametrized by the monomials in (1)
L ~P": A linear subspace (which depends upon the coefficients of the f;)

We may instead parametrize L by n-+k linear polynomials p;(y) for y € R¥, ob-
taining an equivalent Gale system

n+k
1] pity)™ =1 for j=1,...,k (2)
1=1

(In the torus of P"**, the toric variety is defined by [1"/ 2/ = 1forj =1,...,k.)

For example, the system

t_1183u69125w5 — 3 t492

t_955u463z5w5 — 3 u492

v = V35(4 — 2677 + %)
w = V10(1 + 2t** — u**?)
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becomes
35008227 (3—2)%(3—y)® o
F1<.CIZ, y) - y15(4—2x+y)60(1+2x—yy)60 =1 (3)
F o 3500228y (3—y)* — 1
2(3779 — (3—2)B(4—2z+y)0 (1422 —y)50

Theorem. The system (1) of polynomials on R is equivalent to the Gale sys-
tem (2) of rational functions on the polyhedron

A= {yerk | ply)>0 for i=1,... ,n+k}. (4)

4 Khovanskii-Rolle Theorem

The idea of the proof is to transform the difficult problem of solving the high
degree equations (2) to solving relatively low degree polynomial systems.

Our tool is the Khovanskii-Rolle Theorem: Between any two points where ¢ = 0
along an arc of a curve C, there is a point where the differential dg is normal to
the curve. We illustrate this in 2 dimensions.

C:f=0

df Ndg(a) >0, df ANdg(c)=0,and df Adg(b) < 0.

Suppose C) is defined by f1 = ... = fr-1 = 0 and g = f;. the Jacobian
Jr = Jac(fi,..., fr) vanishes where dg is normal to the curve C}. If b(C}) is
the number of non-compact components of Cj, and we write |f, ..., fi| for the

number of common zeroes in A to the f;, then

S el < 0(Ck) + [y i1, - (5)
5 Sketch
We replace the rational equations (2) by the transcendental equations
n+k
fi = Zaz’,jlog(pi(y)) =0 g=1...,k

1=1

The two systems have the same zeroes in A (4). The advantage is that the
Jacobian J,. is a polynomial of degreee n.

To iterate the Khovanskii-Rolle Theorem, define successive Jacobians J; =
Jac(fi,..., fi, Jis1, - - ., Ji), which are polynomials of degree 2"~'n and curves C;
by f1=---=fi1=Jis1=---=J;. Then

fro fi] < 0(Cr) + -+ 0(Ch) + |- k]

Estimating the right hand side gives the new fewnomial bound 62132(5)71‘?.
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6 Example
The system (3) asks for the 6 intersection points of the two curves below
(1,3) (3,3)

iz, y) v >0

3 9 pa(,y) y > 0

(7 ) p3(xay): 4—2x+y20

(0,1) pa(z,y) . 20 —y+1>0

p5(x, y) S—x >0

(0,0) (2,0) ps(T, y) 3—y >0

Here are the Jacobians

[y := 2736 — 154762 + 2564y + 32874x° — 21075y + 6969y
—10060x" — 7576x°y + 8041xy” — 869y° + 76802y — 76802 y* + 1920xy° .

[y = 8357040z — 2492208y — 257540402 + 41295962y — 108478444
— 37659600z + 1643446122°y — 65490898z y* + 17210718y + 75054960x"
— 24919249223y + 550608002y 4+ 16767555xy> — 2952855y — 362804401
+ 1438776202y 4 3542078623y — 80032121 2%y + 190358052y " — 1128978y° + 5432400°
— 33799848y — 626005322y + 71422518z%y> — 13347072x%y* — 1836633zy° +211167°
4235848020y + 211708322 1% — 134478482 y° — 88589762 y* + 7622421 2%y° — 13123652y"
— 15974402% — 1228800xy” + 4239360z y* — 2519040x°y° + 4531202%° .

Their solutions intersperse the solutions to [, = I} = 0 in the hexagon, which
gives us bounds.

[o=0,F =0, F5=0 Ih'=0,1,=0, F; =0

|y, By < b(F1=0) + [F1, 19
6 < 2 + 4

(F) = 0) -
) _
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