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ABSTRACT

We investigate the relationship between a periodic graph operator and its complex Bloch variety
by studying the combinatorics and geometry of the Newton polytope of its characteristic polyno-
mial. When this polytope is only homothetically indecomposable, we show that the irreducibility
of the complex Bloch variety is preserved after a change of its period lattice. Associated to the
Newton polytope of this characteristic polynomial is a normal toric variety. We compactify the
complex Bloch variety in this toric variety to study its asymptotics. When the Newton polytope is

full, we give a spectral-theoretic interpretation of these asymptotics.
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NOMENCLATURE

r A periodic graph

o Composition of functions

cr The n-dimensional complex affine space

X A vector space or a variety

C* The algebraic torus C \ {0}

R™ The n-dimensional vector space of real numbers

T=21,...,2, Indeterminates or vectors of indeterminates

Clx] The ring of polynomials with coefficients in C in n variables

Clz%] The ring of Laurent polynomials with coefficients in C in d
variables

T The complex unit circle

Z4 The d-dimensional lattice of integer vectors

N¢ The d-dimensional vectors of natural numbers

pr The n-dimensional complex projective space

V A function on the vertices of a periodic graph

c A function on the edges of a periodic graph or a labeling

V The set of vertices of a periodic graph

& The set of edges of a periodic graph

A The discrete Laplacian, also known as the graph Laplacian

e The vector (0,...,0,1) € Z4*!

A A finite set

conv(A) The convex hull of a finite set A
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Oz

W

S
o

S

A

d
The free full rank subgroup € ¢;Z of Z¢ where ¢; € N

=1
An integer vector, a vector of natural numbers, or the convex
hull of AU {e}

A lattice polytope
A face of a polytope

A facial polynomial of a polynomial f with respect to the
face F’ of a polytope

The Newton polytope of a polynomial f

Vertices of a polytope or a graph

The coordinate ring of an affine variety

A commutative ring with 1

The spectrum of a ring R

The determinant of a matrix L.(z)

An inner product

A norm on a vector space

The Hilbert space of square-summable functions on Z
The Hilbert space of square-integrable functions on T
A fundamental domain

The spectrum of an operator L

The resolvent set of an operator L

An operator on a Hilbert space or a module homomorphism
The adjoint of an operator L

The Fourier or Floquet transform or a sheaf of modules
The Fourier or Floquet transform of a function f

A dispersion polynomial with labeling ¢

An affine toric variety
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iIlG'LC(Z)

I'r

A finitely generated free abelian group

The dual group of a finitely generated free abelian group NV
The monoid generated by a finite set A

The monoid algebra of the monoid N.A

A finitely generated submonoid of NV or a cone in N

The relative interior of a cone o

The polar of a finitely generated submonoid o

The lineality space of a cone 0¥ C M

The affine toric variety associated to a cone o

A module of quasi-periodic functions associated to a cone o

A sheaf of quasi-periodic functions on the toric variety V,
A face of a cone

A fan

The support of a fan X

The toric variety associated to a fan X

The inner normal fan of a polytope P

A sheaf of quasi-periodic functions on the toric variety Xy,

The lineality space of a cone associated to the face F' of a
polytope

The affine toric variety associated to the face F' of a polytope
The structure sheaf of a toric variety
The base of the Newton polytope of a dispersion polynomial

The facial matrix of the Floquet matrix L.(z) corresponding
to a face G of the polytope () such that F' = |IW|G is a face
of the full Newton polytope P = |W|Q

The facial graph of a periodic graph I' corresponding to a

face F' of the Newton polytope of a periodic graph operator
on quasi-periodic functions associated to the graph I'
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1. INTRODUCTION

In the tight binding model of solid state physics, the Schrodinger operator (Laplacian plus
potential) models the wave function of an electron [1]]. The spectrum of this operator is a closed
subset of R. On a periodic medium, and after a Floquet transform, the spectrum is revealed to be
the projection to R of an analytic hypersurface in T? x R, where T is the complex unit circle and
d is the ambient dimension.

We discretize the setting to study a periodic graph operator L acting on the Hilbert space ¢*(T")
of square-summable functions on the vertices V of a Z?-periodic graph I'. As the action of Z<
commutes with the operator L, we may apply the Floquet transform to ¢2(T"), which reveals further
the structure of the spectrum of L. The Floquet transform is a linear isometry between ¢*(T") and
the Hilbert space L?(T%)"! of square-integrable functions on T¢, where W C V is a fundamental
domain for the action of Z¢ on I'. The action of L on L?(T¢)W! is multiplication by a |[W| x ||
matrix L(z) of Laurent polynomials in z € T¢.

For a fixed z € T, the matrix L(z) is Hermitian and it has || real eigenvalues \;(z) < -+ <
Awy(z). Fori € {1,...,|W]|}, the function \; : T? — R is the i-th band function. This function
is continuous and piece-wise analytic on T¢; its range is the i-th spectral band. The spectral bands
may overlap, or leave spaces between them known as spectral gaps. Developing an understanding
of this band-gap structure is useful in applications involving nano-materials, topological insulators,
and photonic crystals [27].

The union of the spectral bands is the spectrum o (L) of the operator L. This set may also
be described as the projection to R of the set of points (2, \) € T¢ x R such that there exists a
nonzero function ¢y € L?(T%)W! solving the eigenvalue problem (also known as spectral problem)

L(2)®y = M. This set is known as the dispersion relation, and it may also be expressed as the set

Bi(R) = {(z, A) € T? x R | det(L(z) — M) = 0},



areal algebraic variety known as the (real) Bloch variety. The spectrum o (L) is the image of B (R)
under the projection map 7 : T¢ x R — R. For A € o(L), the fiber 77 \(R) := 7=1(\) N BL(R)
is a real algebraic variety known as the (real) Fermi variety at energy level \.

By allowing z € (C*)4, the matrix L(z) is no longer selfadjoint for 2 € (C*)?\ T and its
spectrum (L) is no longer real; however, we gain several things. The (complex) Bloch variety is
the algebraic hypersurface By, := Var(D) in (C*)? x C given by the vanishing of the characteristic
polynomial D := det(L(z) — M) called the dispersion polynomial of L. For A\ € o(L), the
fiber 77, := 7~ 1(\)N By, is the (complex) Fermi variety at energy J; it is a hypersurface in (C*).
Therefore, we may use effective methods of algebraic geometry and related areas to study these
varieties and their relationship to periodic graph operators and their spectra.

In [21], Gieseker, Knorrer, and Trubowitz used the geometry of complex Bloch and Fermi
varieties to address questions about a particular family of periodic graph operators. Their results
relied on a compactification of the Bloch variety by embedding its ambient space (C*)¢ x C in a
projective space and subsequent blowups. This compactification is highly singular and difficult to
understand. Bittig, motivated by an idea of Mumford [36], constructed an equivalent but intrinsic
compactification of the Bloch variety in a suitable toric variety, whose structure is understood by
the combinatorial data of a fan [3]].

We simplify Bittig’s construction using polytopes. Following [6]], the domain of the dispersion
polynomial D has a natural compactification in the normal toric variety Xy, associated to the fan X
of the Newton polytope P of D, which is the convex hull of the exponent vectors of D. The Zariski
closure of By, in Xy, determines a compactification of this Bloch variety. In this compactification,
the natural directions at infinity of I3;, are recorded by the faces of P. The structure of the Newton
polytope P was recently utilized in [[15]] by Faust and Sottile to give a bound for the number of
complex critical points of the Bloch variety; this bound is attained when the critical point equations
of the Bloch variety have no solutions on the points added in the compactification.

We investigate the geometry of the Newton polytope P of the dispersion polynomial D of a

periodic graph operator L and how it informs the geometry of complex Bloch varieties. Chapter 2]



provides a background on the spectral theory of periodic graph operators and Chapter 3| discusses
the algebra and geometry necessary for this study. In Chapter 4] we give the necessary background
on polytopes and toric varieties. Chapter [5|builds on the theory of homothetically indecomposable
polytopes [32] to give criteria when the dispersion polynomial D is irreducible. The material of
Chapter [5]is based on published work with Matthew Faust in [12]]. In Chapter [6] we compactify
the complex Bloch variety B, in the toric variety Xy and show that when the Newton polytope
of D is full, we may associate to a particular face of the polytope P a periodic, labeled, directed
graph whose operator has Bloch variety equal to the intersection of the compactified Bloch variety
and the orbit corresponding to that face. Chapter [6]is based on work with Matthew Faust, Stephen
Shipman, and Frank Sottile in the upcoming article [13]. Chapter [/| gives a summary of this
dissertation and concluding remarks.

We write N for the set of natural numbers (0 € N), Z for the set of integers, (Q for the set of

rational numbers, R for the set of real numbers, and C for the set of complex numbers.



2. SPECTRAL THEORY OF PERIODIC GRAPH OPERATORS

This dissertation studies mathematical structures arising in the spectral theory of periodic graph
operators. These operators belong to the larger class of bounded linear operators. We recall stan-
dard results of bounded linear operators and their spectra. For a thorough treatment of the basics

of spectral theory, see [7, Chapter 1] and [35].
2.1 Spectral Theory of Bounded Linear Operators

A metric on a complex vector space X is a function 0 : X x X' — R such that for f,g,h € X :
(i) o(f,9) > 0and d(f,g) = Oifand only if f = g,

(i) o(f,9) = 3(f,9), and

(iii) o(f,h) <3(f,9) +0(g,h).

The pair (X,0) is a metric space. If (X,0) is a metric space, a sequence {f,}>>, C X
convergesto f € X if 711;1& o(f, fn) = 0. A sequence { f,,}>°, is a Cauchy sequence if for every
e > 0 there exists a nonnegative integer N such that d(f,,, f,,) < ¢ for all n,m > N. If every
Cauchy sequence has a limit, then (X, ) is complete with respect to the metric 9.

A norm on X is a function [|-|| : X — R such that for f,g,h € X anda € C:
(i) ||f]| > 0and || f|| = 0if and only if f = 0,

(i) [|af]l = laf-[If], and

i) [1f + gl < [[f1I+ llgll,

where |« is the modulus of «.. The pair (X, ||-||) is a normed space. A norm on X induces a metric
oy on X by 0y (f,9) == ||f — g||. A normed space (X, |-||) is complete if it is complete with

respect to the metric 9.



Example 2.1.1. Let (*(Z) := {f : Z — C | Y |f(n)]* < oo} be the vector space of square-

nez T
summable functions on Z. Define a norm on (%(Z) by || f|le = (Z f(n)f(n)) for any f €
nez
(*(Z). The pair (¢*(Z), ||-||s2) is a complete normed space. o

A subset W of a normed space X is dense if for each f € X there exists a sequence { f,,}°°, C
W such that nh_)rgo fn = f. Itis countable if there exists a bijection W — Z. The normed space X
is separable if it contains a countable dense subset.

Let X = (X, |||lx) and Y = (Y, ||:||y) be normed spaces. A (linear) operator from X to Y is
a pair (D(L), L), where D(L) is a subspace of X, called the domain of L, and L is a linear map
from D(L) to Y. The kernel of L is the subspace ker(L) := {f € D(L) | Lf = 0}.

The operator (D (L), L) is bounded if D(L) = X and its norm, given by

IL]| == sup{|[Lflly | f € X and || f]lx = 1},

is finite. Denote a bounded operator (D(L), L) from X to Y by L : X — Y. We will also use this

notation for the linear map L : X — Y. A bounded operator L : X — X is an operator L on X.

Example 2.1.2. The discrete Laplacian A on (*(7Z) is defined by (Af)(n) := f(n+1) + f(n—1)
for all f € (*(Z). Then we obtain

IASI? =D (f(n=1) + f(n+D1))(f(n—1) + f(n+1))

ne”L

=Y If(n=1) + f(nt+1)]”

neL
By Minkowski’s inequality’]

(S 0sm-1) + s nP) " < (Shr-E) ” + (Siren) =201,

neL nez nez

Thus ||Af]| < 2| f||, showing that the discrete Laplacian on ¢*(Z) is bounded. o

“If g, h € EQ(Z), then (E lg(n) + h(n)|2) 1/2 < (Z |g(n)|2)1/2 + (nze:z|h(n)2>1/2.

nez ne”Z
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Let X, Y, and Z be normed spaces and let L : X — Y and K : Y — Z be bounded operators.
The composition KL : X — Z is a bounded operator. If o € C, then the operator oL : X — Y
defined by (aL)f := a - (Lf) is also bounded. We denote by I the identity operator on any vector
space. Thus, the identity operator / on X is defined by I f := f for all f € X. The operator
L : X — Y is invertible if there exists an operator L' : Y — X suchthat L' = [ and L'L = I. If
such an operator L’ exists, it is unique and it is the inverse of L and denotedby L™ 1. If M : X — Y
is a bounded operator, then the operator L + M : X — Y defined by (L + M)f := Lf + M f is
also a bounded operator.

Let L be a bounded operator on X. The set
p(L) :={\e C|L— X :X — X is bijective and its inverse is bounded}

is the resolvent set of L. Its complement o (L) := C~p(L) is the spectrum of L. A complex number
A € o(L) is an eigenvalue of L if there exists a nonzero function f € X such that Lf = Af. If A
is an eigenvalue of L, then f is an eigenfunction of A. Thus, A is an eigenvalue of L if and only
ifker(L — X)) ={f € X | (L—X)f =0} # {0}. The set of eigenvalues of L is the discrete

spectrum of L and its complement in o (L) is the essential spectrum of L.

Example 2.1.3. Suppose the discrete Laplacian A on ¢*(Z) has an eigenvalue A € C. Then there
exists a nonzero function f € (*(Z) such that Af = A\f. Then Af(n) = f(n+1) + f(n—1) =
Af(n) is equivalent to the recurrence relation f(n) — Af(n—1) + f(n—2) = 0. Its characteristic
polynomial is z> — Az + 1, which has solutions (A = VA2 —4). Letr := (A 4+ v/A? — 4) and
s :=1(A — /A2 —4). Then f(n) = ar" + 3s" for a, 3 € C. Observe that r = s~ .

The discriminant of 22 — Az + 1is A> — 4. If A2 — 4 > 0, then r and s are real and r # s. If

a # 0, then lim |f(n)| = co. If 3 # 0, then lim |f(n)| = cc. Thus, f ¢ (*(Z).
n—00 n——o0



If A2 — 4 < 0, then parametrize A by A = 2cos 6 :

1 1 j
r= 5O+ VI =) = S (2080 — /2c0s0)” — 4) = ¢, and

s = %()\— VA2 —4) = %(26089—1— V2cos0)2 —4) =e .

Then f(n) = ae™ + Be~% Thus f is constant or oscillating as n goes to +-0c. Hence, f ¢ (*(7Z)

and the discrete spectrum of A is empty. o

An inner product on a vector space X is a function (-, -) : X x X — C such thatfor f,g,h € X

and o, 3 € C :
@) (af + Bg, h) =a(f,g) + Blg, h),
(i) (f, g+ Bh) = a(f,g) + B(g, h),
(i) (f, f) > 0 (where f # 0), and
@v) (f,9) = (g, h),

where « — @ denotes complex conjugation. The pair (X, (-,-)) is an inner product space. An

inner product on X induces a norm ||-||..y on X by ||z||...y :== (z,2)*/2. The inner product space
(X, (-, ) is complete if it is complete with respect to the metric 9, in which case (X, (-, -)) is
a Hilbert space.

Example 2.1.4. For f,g € (*(Z), define (f,g)e := >_ f(n)g(n). Then (-, ), is an inner prod-
nez

uct on ¢*(Z) and it induces the norm |||, defined in Example The inner product space

((*(Z), (-, -)¢) is complete, making it into a Hilbert space [7, Theorem 1.2.7]. Since Z is count-

able, it follows that /?(7Z) is separable. o

Let H := (H, (-,-)) be a separable complex Hilbert space and let L be a bounded operator on
H. The adjoint of L is the operator L* on H such that for f,g € H, (L*f,g) = (f,Lg). The

operator L* is bounded [7, Proposition 1.4.5]. If L* = L, then L is selfadjoint.



Example 2.1.5. Let A be the discrete Laplacian on ¢*(Z). For f, g € (*(Z),

(Af, ) = (f(n+1) + f(n—1))g(n)

neL

= f(n)(g(n+1) + g(n—1)) = (f. Ag),

neL

showing that A on (%(Z) is selfadjoint. o

Proposition 2.1.6. [7, Proposition 1.4.7] . Let H be a separable complex Hilbert space, and let L

be a bounded operator on H. If L is selfadjoint, then o (L) is a compact subset of R.

Let L be a bounded operator on a separable complex Hilbert space H, and let A € C. A

sequence {w, }>° , C H is a Weyl sequence for the operator L at X if for each n € N,

wy|| =1

and lim ||(L — A )w,]|| = 0.
n—oo

Theorem 2.1.7. [7, Theorem 1.4.20]. Let H be a separable complex Hilbert space and let L be a
bounded operator on H. If {w,}>* , C H is a Weyl sequence for the operator L at A € C, then

A € o(L). If Lis selfadjoint and A € (L), then there exists a Weyl sequence for L at .

Let U be a bounded operator on H and let U* be its adjoint. Then U is unitary if U* = U~
Assume U is unitary. If L is a bounded operator on H, then the operator L — A\I is invertible
if and only if U*(L — AI)U is invertible. It follows that o(L) = o(U*LU). More generally, if
G = (G, (-,")¢) is a separable complex Hilbert space, a bounded operator 4l : G — H is unitary
if it is invertible and (3(f, Ug)r = (f, g)g for all f, g € G. If such U exists, then U~! = 4* and G

and H are isomorphic as Hilbert spaces. Consequently, o(L) = o (LLL*).

Example 2.1.8. The (compact) torus is the group T := {z € C* | |z| = 1}. Consider the
vector space L*(T) := {f : T — C | [|f(2)|*dz < oo} of square-integrable functions on
T
the torus T, where dz is the Haar measure on T (hence f dz = 1). For f,g € L2(T), define
o T

(f,9)12 == [ f(2)g(z)dz. Then (-,-) 2 is an inner product on L*(T) and the pair (L*(T), (-, )1,)
T

is a Hilbert space.



Consider the bounded operator .% : (*(Z) — L?*(T) defined by (. (f))(z) := >_ f(n)z" for
f € *(Z) and all z € T. This operator is the Fourier transform from (*(Z) to L? F’E‘? We write f
for the Fourier transform .% (f) of a function f € ¢*(Z). The adjoint .Z* : L*(T) — ¢*(Z) of the
Fourier transform .% : (?(Z) — L?*(T) is given by (% *(g fg )2"dz for g € L*(T) and
all n € Z. The Fourier transform is unitary. Let f,g € 62( ) and let f.§ € L*(T) be the Fourier

transform of f and g, respectively. Then

T nez mezZ
= /Zf(n)z” g(m)z"dz
T nEZ meZ
Ifm;énthenff "g(m)z™dz = 0. Thus

Let A be the discrete Laplacian on ¢?(Z). Since .Z is unitary, it follows that o(A) = o(F AF*).

AZ* — X acts on f € L*(T). Fix z, € T. Then

)

Let A € C. Consider how the operator

(FAF = AD)(z0) = (F [ (F2)= + f(2)2)dz) (20) = Af(20)

A
—,

= ((204'20_1—)\)]?) (20)-

It follows that for each z € T, ZA.Z* — I acts on f as multiplication by z+z"'—X. We will
show this is a bijection if and only if z2+271—\ # 0. Since z € T, it follows that z+z~! = 2 Re(z)
(Re(z) is the real part of the complex number z). As Re(z) € [—1,1], 0(A) = [-2,2]. Since the
discrete spectrum of A is the empty set (see Example , the essential spectrum of A is [—2, 2].

Suppose A € C satisfies 24271 # X for all z € T. Then the operator & : L*(T) — L*(T),

defined by (4g)(z) := g(z) for g € L*(T) and all z € T, is well-defined. This operator is

P
the inverse of .# A.Z* — \I. It follows that A € p(A).
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Conversely, suppose there exists zy € T such that zo+2; " = \. Set 2 = > for some 6.
Consider the sequence {w, }>>, C L?(T), where for each n € N, w,(2) = \/n/2if z = 2™
with t € [—1/n,1/n] and w,, = 0 otherwise. For each n € N, ||w,| = 1 and

lim ||(FAZ* — M )w,| = 0.

n—oo

Then {w,}°, is a Weyl sequence for FA.Z* — I at \. By Theorem 2.1.7, A € o(A). Thus

A € o(A) if and only if 242! = ) for some z € T. o
2.2 Groups and Periodic Graphs
A binary operation on a nonempty set G is a function * : G X G — G such that (a,b) — a xb.

Remark 2.2.1. Let * be a binary operation on a nonempty set GG and let a, b € GG. There are several
notations for the image of (a, b) under *. In the multiplicative notation, ab := a * b is called the

product of a and b. In the additive notation, a + b := a * b is called the sum of a and b. o

The operation * is associative if for a, b, and ¢ in G, a * (b * ¢) = (a * b) * c. We denote the pair
(G, *) by G. We call G a monoid if there exists an element e € G such that forany a € G, axe = a
and e * a = a. This element is unique and is called the identity of G. A monoid G is called a group
if for any a € G, there exists an element b € G such that a x b = e and b * a = e. This element
is unique and is called the inverse of a. Let H be a nonempty subset of G that is closed under the
binary operation * on G. If H is itself a group under %, then the pair (H, *) is called a subgroup of
G, and denoted by H. The index of a subgroup H of G is the (cardinal) number |G : H] of distinct
left (equivalently, right) cosets of H in G. If [G : H] is finite then H is a finite-index subgroup of
G. A group A is abelian if its binary operation is commutative: for a,b € A, a x b = b* a. We will
use the additive notation for abelian groups. The identity of an abelian group A is denoted by 0,
and the inverse of a € A is denoted by —a.

Given two monoids G := (G, *) and H := (H,), a monoid homomorphism of G into H
is a function f : G — H such that f(a x b) = f(a)Of(b) for a,b € G. If f is a bijection,

then f is called a monoid isomorphism, and G' and H are said to be isomorphic (denoted by

10



G = H). A monoid homomorphism f : G — G is called a monoid endomorphism of G. A
monoid homomorphism (resp. monoid isomorphism, monoid endomorphism) between two groups
is called a group homomorphism (resp. group isomorphism, group endomorphism).

Let .4 be an (nonempty) indexing set, and for each « € A, let G, := (G, *,) be a group. The
direct product of {G,, | « € A} is the set-theoretic product of the sets G,,, and denoted by [[ G.,.

acA

The set || G, admits a group structure under the componentwise operation * derived from the
acA

operations *,, : if (aa)aca, (ba)aca € [] Ga» then (aq)aca * (ba)aca = (o *a ba)aca- If €, is
acA

the identity of G, then (e, )ac.4 is the identity of [[ G,. The inverse of (aq)aca € [] Ga is
(Ga)men = (a3 aca- If {Ay | € A} isa familya(f?groups, the direct sum of { A, | ozaeé A} is
the subset € A, of the direct product [[ A, consisting of elements (aq)aca With a, € A, such
that a,, = 8 Efg‘r all but finitely many ind?cE; a. Tt follows that @ A, is a subgroup of [] A,.
Let GG be a group and let B be a subset of G. Let { H,, | « aeejlél} be the family of al?esﬁbgroups
of GG that contain B. The intersection (B) := [ H, is the subgroup of G generated by B. The
elements of B are generators of the subgroup <C§S4 If B is a finite subset of G and G = (B), then

G is finitely generated.

Theorem 2.2.2. [25, Theorem 1.2.8] If A is an abelian group and B is a nonempty subset of A,
then the subgroup (B) of A consists of all linear combinations n1b; +- - - +ngbg forny, ..., ng € Z

and by,...b, € B.

A basis of an abelian group A is a subset B of A such that A = (B) and for distinct by, ..., b, €

Bandny,...,n; € 7Z,

niby + -+ +ngbp =0 = n; =0foreveryi € {1,... k}.

Theorem 2.2.3. [25, Theorem II.1.1] Let A be an abelian group. The following conditions are
equivalent.
(i) A has a nonempty basis.

(ii) A is isomorphic to a direct sum of copies of the additive group Z of integers.

11



(iii) There is a nonempty set B and a function ¢ : B — A with the following property: given
an abelian group A’ and a function f : B — A’, there exists a unique group homomorphism

f:A— A suchthat for = f.
An abelian group A satisfying Theorem is a free abelian group on the set B.

Theorem 2.2.4. [25, Theorem II.1.2] Any two bases of a free abelian group A have the same

cardinality.

If B is a basis of a free abelian group A, then the cardinality |B| is the rank of A. A lattice is a
finitely generated free abelian group.

An (right) action of a group G on a set S is a function - : G x S — S, where (a,s) — a - s,
such that forall s € S, e-s = s, and fora,b € G, (a*b)-s=a-(b-s). An action of G on S
is free if for any s € 9, the induced function G — S, where a — a - s, is injective. The orbit of
s € S under the action of G is the set G - s := {a - s | a € G}, and the set of orbits of S under G
is denoted by S/G. An action of G on S is cofinite if S/G is a finite set.

For more on periodic graphs, see [2,/4,/15]. A graph is a pair ' :== (V,£) where V is a set of
vertices and where £ C V x V is a set of edges. We write edges of I' as (u,v) € £, where u,v € V
(we also use the notation u ~ v for (u,v) € &£). The graph I' is directed if it has a function on £
assigning to each edge an ordered pair of vertices. The graph I is undirected if (u,v) € £ if and
only if (v,u) € £. We identify (u, v) with (v, u). A vertex u is adjacent to a vertex v if (u,v) € &,
and (u, v) is incident to both u and v. If every vertex is adjacent to a finite number of vertices, then
I' is locally finite. A loop of I' is an edge that connects a vertex to itself. If I' is undirected and
does not have loops, then I' is simple.

Let GG be a finitely generated free abelian group. A locally finite simple graph I' = (V, &) is
(G -periodic if it is equipped with a free cofinite action of G on )V and £. In this context, G is the
period lattice of I'. If I is G-periodic, a fundamental domain for the action of G on V is a finite set
W of representatives of the orbits of G on V.

It is useful (but not necessary) to consider the graph I immersed in R so that Z¢ acts on I by

translation: for a € Z% and v € V, a+v € V, and with edge incidences preserved: for (u,v) € &,
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a+(u,v) := (a4u,a+v) € £. An edge incident on W has the form (u, a+v) for some u,v € W,
and a € Z“. The collection of a € Z such that (u, a+v) € & for some u,v € W is the support of

I" and denoted by A(T"). Figure [2.1]illustrates two periodic graphs.

TR > S

|
— >

Figure 2.1: Two periodic graphs.

The graph to the left is Z-periodic with support {—1,0,1}, and the graph to the right ([15,
Figure 2]), known as the hexagonal lattice, is Z>-periodic with support {(+1,0), (0,0), (0, 41)}.

Givengqi,...,qq € N, let QZ := é ¢;Z, which is a finite-index subgroup of Z¢. A Z%-periodic
graph I' carries the structure of a QlZ%—lperiodic graph. For a chosen fundamental domain W for
the Z%-action on I', QZ induces the fundamental domain W, which is the union of the sets a+W
where a € Z% with 0 < a; < ¢; fori = 1,...,n. The set Wy, is the Q-expansion of W, Figure
([12, Figure 2]) shows a (3, 2)-expansion of the fundamental domain W of the hexagonal lattice

depicted in Figure[2.1]

Figure 2.2: A periodic graph. Its period lattice is (3, 2)Z.
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2.3 Operators on Periodic Graphs

LetT' = (V, ) be a Z4-periodic graph. A labeling (¢, V') of I is a pair of functions ¢ : £ — R
and V' : V — R that are constant on orbits. For a given labeling ¢ := (¢, V'), the periodic graph
operator L. acts on complex-valued functions f on V. For a function f : V — C, the function L. f

is defined by its value at u € V,

(Lef)(u) = V(u)f(u) — Z Cluw) (V)

(u,v)e€

Example 2.3.1. If c is the constant function of value 1, then L. is a discrete periodic Schrodinger
operator. If V' is the zero function, then L. is a Laplace-Beltrami operator, and if in addition, c is

the constant function of value 1, then L. is the graph Laplacian. o

Let (*(T):={f:V — C| >_|f(u)|> < oo} be the vector space of square summable functions
ueV

on V. Equipping ¢*(T") with the inner product (f,g) := > f(u)g(u) gives it the structure of a

uey
Hilbert space.

Proposition 2.3.2. The operator L. on ¢*(T") is bounded and selfadjoint.

Proof. Let f € (*(T'). As a generalization of Example 2.1.2] since V' and c are constant on vertex

and edge orbits, respectively, we obtain

LSl < (o V@l+ > lewnl) - 151

ueW (vyw)eEw

where &y is a set of orbit representatives for the action of Z¢ on &£. Thus, L. is bounded. For any

f.g€?(),

Y (uv)e€
:Z(V(u) flugw) — > cw)f(v)W)
u€ey (u,w)ee
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Relabeling vertices, we obtain

St (Ve = 3 cwnsl®)) = (f. Leg). O
(

uey u,v)EE

By Proposition|2.1.6] the spectrum o(L,) is a compact subset of R.
2.4 The Floquet Transform

For more, see [2,26,27]. LetI' = (V,€) be a Zd—periodic graph and let W be a fundamental
domain for the action of Z¢ on I'. As the action of Z¢ commutes with L., we may apply the Floquet
transform to ¢*(T"), which reveals more structure of o(L.). For a function f € ¢*(T"), the Floquet

transform of f is the function

F(f):T'xV—C

(z,u) —> Z fla+u)z™
a€Zd
which satisfies (Z (f))(z,b+ u) = 2°(F(f))(z,u) for b € Z%. Thus, Z(f) is determined by its
values on W. If f € ¢*(T), then

> [IF @GP <,

uEVVTd
showing (.7 (f))(z,u) € L?*(T?) for each v € W. By the Plancherel Theorem, the Floquet
transform is a linear isometry between ¢*(T") and the Hilbert space L?(T?, C"') of square-integrable
functions on T¢, where C" is the vector space of complex-valued functions on W. For u € W,

the function e,, : W — C is given by

1 ifv=u,
eu(v) =
0 otherwise.
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The set {e, | u € W} forms a basis of C" called the standard basis of C"V. Given f € (*(T), we

will write f for the Floquet transform .% (f) in L2(T%, C"V).
Proposition 2.4.1. The Floquet transform .% : (2(T") — L?*(T% C") is a unitary operator.

Proof. Let f, g € (2(T") and write f, § for their Floquet transforms in L2(T%, CW). Then

fng /fzu zwdz—/chH—u G'Zg(b—i-u)z—bdz.

Td aczZd beZd

Since 21 = z, it follows that

/Zfa—l—u Zgb—iru bdz—/Zfa+u Zgb—l—u )2dz

Td aczZd bezd Td acZd beZd
= / Z flatu)z"2- Zg(b+u)zbdz.
Td acZd bezd

Similar to Example 2.1.8} observe that if a # b, then [ f(a+u)z"*g(b+u)z"dz = 0. Then
Td

(f, )2 = / Z fladu)z"*- Z g(b+u)2bdz

Td a€zZd bezd
=Y flatu)glatu) = (f, 9)e O
acZd

Let f € (*(T') with Floquet transform f € L*(T¢,C") and let .Z* be the adjoint of .%. For
u € W, the function f (u) is a function of z. The action of .# L..#* on f is defined by the value of

the function Z L..Z*f atu € W :

(FLF P)w) =V flu) = Y 2 uarnf ),

(u,a+v)eE

where v € W and a € A(T). In using the standard basis for C", the operator .Z L..%* becomes
multiplication by a |IW|x|W| matrix L.(z) whose rows and columns are indexed by the vertices

of W. Letu,v € W. If §,, is the Kronecker delta function, the matrix entry in position (u, v) is
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given by the finite sum

SudV(u) = D Cluarn?™ 2.1

(u,a+v)€E
This entry is a Laurent polynomial in z € T¢ with exponents coming from the support A(T"). The
matrix L.(z) is called the Floquet matrix of L.. Let a € A(I"). Observe that (u,a + v) € & if and
only if (—a + u,v) € &, Cluatv) = C(—atuw), and for z € T4, 2@ = 27, It follows that for each
z € T, this matrix is Hermitian since L.(2)7 = L.(27!) = L(Z) = L(2).

As a generalization of Example [2.1.8] we have the following proposition.

Proposition 2.4.2. Let A € C. The operator
FL.F*— X\ : L*(T*,C") = L*(T?,C")

is a bijection if and only if, for each z € T%, L.(z) — Ay is a bijection. The spectrum o (L) is

the union of the eigenvalues of the matrix L.(z) for each z € T<.

Example 2.4.3. [15, Example 1.1] Let I' be the hexagonal lattice from Figure Figure [2.3
([15! Figure 3]) depicts a labeling in a neighborhood of a fundamental domain W for the action
of Z? on T. The set W = {u, v} consists of two vertices. There are three edge orbits, with labels

«, 3, and 7.

Figure 2.3: A labeling of the hexagonal lattice.

Let L be the operator with potential V' and with edge orbits labeled by «, 3, and y as in Figure

17



Let (z,y) € T2. Then the operator . L.Z* acts on f € L2(T2, C2) by

)

LF*f)(u) = V() f(u) — af(v) — Bz F(v) — v f(v),

LF*f)(v) = V(v)f(v) = af(u) = Bz f(u) — vy f(u).

(
(

Y

Collecting coefficients from f(u) and f(v), the operator .% L.Z* becomes multiplication by the

matrix
V(u) —a—fz ' —yy~!

—a—fBr—yy V(v)

For (z,y) € T2, L(z,y)T = L(z™,y™') = L(Z,y) = L(x,y), so the matrix L(z, y) is Hermitian,

showing that the operator L is selfadjoint. o
2.5 Bloch and Fermi Varieties

This section is adapted from [[12, Section 1.3]. For z € T¢, the matrix L.(z) is Hermitian.
Thus, it has [I/] real eigenvalues A\i(2) < Ao(2) < -+ < Awy(2). For j € {1,...,|W|}, the
function \; : T? — R is the j-th band function, and its graph {(z,\;(z)) | = € T¢} is the j-th
branch. The image of \; is the j-th spectral band.

The dispersion polynomial of L. (%) is the characteristic polynomial D, := det(L.(2) — AMw|),

and the (real) Bloch variety of the operator L. is the hypersurface
B..(R) = Var(D.) := {(2,A) € T*xR | Do(z,A) = 0}.

The image of the Bloch variety under the projection to R is the spectrum o (L.), and the projection

is a function A on the Bloch variety.

Example 2.5.1. Let L be the operator from Example [2.4.3] Figure [2.4] ([15| Figure 4]) shows the
Bloch variety of the operator L with zero potential and edge orbits labeled by o = 6, 3 = 2, and

v =3.
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Figure 2.4: A Bloch variety for the hexagonal lattice.

The spectrum o (L) is the union of two spectral bands. o

To use strong methods from classical algebraic geometry, it is natural to allow complex parame-
tersc: & — CandV : V — C and variables 2z € (C*)? and \ € C. With complex parameters and
variables, the matrix L. (z) is no longer Hermitian, but it retains the property L.(2)T = L.(z71).

The (complex) Bloch variety of the operator L. is the hypersurface
By, = Var(D.) := {(z,\) € (C*) x C | D.(z,\) = 0}.

In the complex Bloch variety, we cannot distinguish the branches A;. Thus, we will consider
projection to the last coordinate as a function A on the complex Bloch variety. A critical point of
the function A on the complex Bloch variety of the operator L. is a point where the gradients in
(C*)? x C of X and D, are linearly dependent. The value of the function \ on such a critical point

is a critical value of .
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3. ALGEBRAIC GEOMETRY

As we saw in Section[2.5] the spectrum of a periodic graph operator is the image of a projection
of the Bloch variety of the operator, which is an affine algebraic variety. Thus, we outline the
algebraic geometry relevant to the study of Bloch varieties. For more background in algebraic

geometry, see any of [516,[22,31].
3.1 Ideals and Varieties

A monomial in the variables z1, ..., z, is the product 2% := x{* - - - 2%, where ay, ..., a, are
n

non-negative integers. Given a monomial 2%, its (total) degree is the sum »_ a;. A polynomial f
i=1

in the variables x1, ..., x, is a linear combination of monomials

where ¢, € C is a coefficient and all but finitely many coefficients are 0. The product ¢,z of a
coefficient ¢, and a monomial z“ is a term. The support of a polynomial f is the set A(f) C N"
of exponent vectors that appear in f with a nonzero coefficient. The set of polynomials in the
variables 1, ..., x, is denoted by C[zy,...,z,| and it is a ring under addition and multiplica-
tion. A polynomial f € Clxy,...,x,] is irreducible if it is not constant and whenever there exist
polynomials g, h € C|xy, ..., z,] with f = gh, either g or h is constant.

The set of n-tuples z = (z1,. .., z,) of complex numbers is (complex) affine n-space and it
is denoted by C". A polynomial f € C[xzy,...,z,] defines a function f : C* — C. Thus, for a

subset S C Cl[zy, ..., x,] of polynomials, the set
Var(S) :={z€ C"| f(z) =0for f € S}

is the affine (algebraic) variety defined by S. If S consists of a single polynomial f € Clxy, ..., z,],

then Var(S) = Var(f) is a hypersurface. If S consists of finitely many polynomials fi, ..., fu,
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then we write Var(fi,..., fi) for Var(S). If X and Y are affine varieties and X C Y/, then X is
a subvariety of Y.

The product X x Y of two affine varieties X and Y is an affine variety. If X C C™ is
defined by fi,..., f. € Clzy,...,z,] and Y C C" is defined by ¢1,...,9s € Clyy, ..., yn], then

X xY CC™x C"=C""isdefined by fi,..., frsg1,---,9s € Clx1, ... Ty Y1y - -+, Yn)-
Example 3.1.1. Affine n-space C* = Var(0) and the empty set ) = Var(1) are affine varieties. ©
Example 3.1.2. The set Mat,,,,(C) of mxn matrices may be identified with C™". o

Example 3.1.3. The set GL,,(C) of matrices M € Mat,,, ., (C) with det M # 0 may be identified
with the set {(t, M) € C X Matyxm(C) | tdet M = 1}, making it into a hypersurface in
C X Maty,xm(C). If M € GL,,,(C) and N € GL,,(C), then det(MN) = (det M) - (det N) # 0.
Let M € GL,,(C). Since det M # 0, M has an inverse M ~1 whose determinant is nonzero.
Thus, M—! € GL,,(C) and GL,,(C) is a group known as the general linear group. If m = 1, then
this is the group of invertible elements of C and denoted by C*. The group of invertible diagonal

m X m matrices with complex entries is the algebraic m-torus (C*)™. o

Example 3.1.4. Let I be a Z¢-periodic graph and let L. be a periodic graph operator on ¢2(T"). Let

D, be the dispersion polynomial of L.. The complex Bloch variety B, is the hypersurface

Var(D.) = {(z,\) € (C*)* x C | D.(z,\) = 0}.

Thus, By, is an affine variety. o

For a subset Z C C", consider the set (Z) := {f € Clz1,...,x,] | f(z) =0forall z € Z}
of polynomials that vanishon Z. If Y C Z and f € I(Z), then f(z) = O forall z € Z. In
particular, f(z) = 0 for z € Y. This means f € I(Y).

Let S C T C Clxy,...,x,]. If z € Var(T), then f(z) = 0 for all f € T. In particular,

g(z)=0forallge SCT.
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Thus, we may consider Var and I as the inclusion-reversing maps

{subsets of Clzy, ... ,xn]} —>Var {subsets of C”}. (3.1
I

We will refine this correspondence to give a dictionary between structures in algebra and geometry.
An ideal of Clzy,...,z,] is a subset I C Clxy,...,x,] that is closed under addition and
multiplication. Let Z C C". If f,g € I(Z) and h € Clzy,...,xz,], then f(2) + h(2)g(z) =
0+ h(z)-0 = 0forall z € Z. This implies f + gh € I(Z) so the set I(Z) is an ideal of
Clx1, ..., xy,). This is the ideal of Z.
Let S C C|xy,...,z,) be a subset of polynomials in C[zy,...,z,]. The ideal (S) is the
smallest ideal of C[z1, . .., x,] containing S. Explicitly, (S) is the set of polynomials A f; + - - - +

hon fm Where h; € Clxy,...,z,) and f; € Sfori=1,...,m.
Lemma 3.1.5. For any subset S C Clx,...,z,], Var(S) = Var((S)).

Proof. By definition, S C (5), so Var((S)) C Var(S). Conversely, let g € (S). Then there exist
hiy... by € Clzy, ... x,]and fi,. .., fu € Ssuchthatg = hy fi+- - -+ hy, frn. For z € Var(S),
g(z2) =h(2)fi(z)+ -+ hn(2) fm(z) =h1 -0+ -+ hy, - 0=0, 50 Var(S) C Var(({S)). O

An affine variety is often defined by infinitely many polynomials. Hilbert’s Basis Theorem tells

us that we only need finitely many of them.
Theorem 3.1.6 (Hilbert’s Basis Theorem [23]). Every ideal I of C[z1, . .., x,] is finitely generated.

Let X = Var(I) € C" be an affine variety defined by an ideal ] C C[zy,...,z,]. By

Hilbert’s Basis Theorem, there exist fi, ..., f,, € I that generate /. Thus, I = (fi,..., f,,) and

by Lemma[3.1.5, Var(I) = Var(fi,..., fm)-

Lemma 3.1.7. Let Z C C™. Then I(Var(I(Z))) = I(Z) and Var(I(Z)) is the smallest variety

containing Z.
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Proof. Let X = Var(I(Z)) be the affine variety defined by the ideal /(Z) and let f € I(Z).
By definition of /(X), f(z) = O forall z € X. Thus f € I(X). As Z C X, it follows that
I(X) C I(Z). Thus, I(Z) = I(X).

Suppose that Y C C” is an affine variety with Z C Y C X. Then [(X) C I(Y) C I(Z) =
I(X)soI(X)=1(Y). Then X =Y. Thus, X is the smallest variety containing Z. O

Correspondence (3.1)) refines to ideals of C[zy, . .., x,] and subvarieties of C™.

Var
{ideals of C[z1,...,z,]} _ {subvarieties of C"}. (3.2)
I

This correspondence is not a bijection since the function Var is not surjective and the function /
is not injective. For example, I( Var(z?)) = (x). We refine Correspondence by restricting
the domain of Var to radical ideals. Anideal I C Clxy,...,x,] is radical if whenever f" € I for
some positive integer r, then f € I. The radical of an ideal I is the set /1 := {f € Clz1, ..., 2] |

f™ € I for some positive integer m }, and it is an ideal of C[z1, ..., z,].

Lemma 3.1.8. If Z7 C C", then I(Z) is a radical ideal of C[zy,...,z,]. If I is an ideal of
Clzy,. .., Tn), then Var(I) = Var(v/1).

Proof. Suppose z € Z and f" € I(Z) for some positive integer 7. Then f"(z) = 0 if and only if
f(2) = 0. Thus, as z € Z was arbitrary, f € I(Z) so I(Z) is radical.
Since I C VI, Var(v/I) C Var(I). Let z € Var(I) and let f € v/I. Then f” € I for some

positive integer 7. This means f”(z) = 0 which implies f(z) = 0. Thus, z € Var(v/I). O
To restrict Correspondence (3.2) to a bijection, we need Hilbert’s Nullstellensatz.

Theorem 3.1.9 (Hilbert’s Nullstellensatz [24]). Suppose I is an ideal of C[z,...,x,]. Then
I(Var(I)) = V1.

A consequence of Hilbert’s Nullstellensatz is the inclusion reversing correspondence

Var
{radical ideals of C[z1, ..., z,]} __ {subvarieties of C"}. (3.3)
I
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between radical ideals of C[zy,...,z,] and subvarieties of C". The functions Var and I are

inverses of each other, making this correspondence into a bijection.
3.2 Topology

To discuss geometric properties of affine varieties in C", it is convenient to give C" a topology.
A topology on C" is a collection of subsets of C" known as open sets, such that

(1) the empty set and C" are open sets,

(2) an arbitrary union of open sets is open, and

(3) a finite intersection of open sets is open.

In this context, the set C" with a topology is a topological space.

A topology on C™ may be specified by selecting a collection of subsets of C" known as basic
open sets and defining this topology to be the smallest collection of subsets containing basic open
sets and that satisfy the properties (1) — (3) for open sets.

A closed set is the complement of an open set. Thus, a topology on C" may also be described in
terms of closed sets. Both the empty set and C" are closed sets because they are the complements
of one another. The intersection of an arbitrary collection of closed sets is closed, and the finite
union of two closed sets is closed.

Let I,J C Clzy,...,x,] be ideals. The sum of [ and Jistheset [ + J:= {f+g¢g | f €
I,g € I}, and it is the ideal (I, J) generated by I U J. The product of I and J is the ideal [ - .J
=(fg|fel,geJ)ycInd.

Lemma 3.2.1. [30, Remark 1.3 5,6] Let I, J C C[xy, ..., z,] be ideals. Then
(a) Var(I +J) = Var(l)N Var(J), and
(b) Var(I - J) = Var(INJ) = Var(I) U Var(J).

By Lemma [3.2.1] a finite union of affine varieties is an affine variety, and together with the
Hilbert Basis Theorem, the intersection of an arbitrary collection of affine varieties is an affine va-
riety. Thus, affine varieties in C™ are closed sets of a topology on C™ known as the Zariski topology

on C". An affine variety in C" is a Zariski closed set. A Zariski open set is the complement of a

24



Zariski closed set. By Lemma(3.1.7} if Z C C", the Zariski closure of Z is the smallest affine vari-
ety Z C C" containing Z. The Zariski topology on a subvariety X of C" is the subspace topology
inherited from the Zariski topology on C". A subset Z C X is Zariski dense in X if Z = X.

Affine subvarieties of C" may also be equipped with the subspace topology inherited from the
Euclidean topology on C"; thus, we may compare the Zariski topology on C" with the Euclidean
topology on C". In the Euclidean topology on C", the basic open sets are given by a collection of
balls. For z = (z1,...,2,) € C", aballis aset B.(2) := {(xy,...,2,) € C" | Y|z — z]* <
r} for r > 0. On the other hand, in the Zariski topology, basic open sets are complements of
hypersurfaces. Thus, Zariski open sets (resp. Zariski closed sets) are open sets in the Euclidean
topology (resp. closed sets in the Euclidean topology), but the converse is not true.

An affine variety X C C" is reducible if it is the union of two proper affine varieties Y, Z C C".
If X is not reducible, then it is irreducible. Anideal I C C|xy,...,z,] is primeif fg € I implies
f € Iorg € I. The geometric notion of irreducibility of an affine variety X C C" may be

interpreted as an algebraic property of 7(.X).

Theorem 3.2.2. [S| Proposition 5.3] An affine variety X C C” is irreducible if and only if 7(.X)

is a prime ideal.

The dimension of an affine variety X C C" is the largest integer m such that there exists a
strictly decreasing chain X = X, 2 X; D -+ D X,,, D () of irreducible subvarieties X; of X. If

X has dimension m, then its codimension is n — m.
3.3 Regular Maps

A polynomial f € C[xzy,...,,] defines a function f : C* — C by evaluation at points in C".
If X C C"is an affine variety, f € C[zy, ..., x,] restricts to a regular function X — C. The set of
regular functions on X has the structure of a ring given by multiplication of regular functions. This
is the coordinate ring of X and it is denoted by C[X|]. The restriction of functions f : C" — C
to regular functions on X defines a surjective ring homomorphism Clz, . .., x,] — C[X] and the

kernel of this homomorphism is the ideal /(X ). It follows that C[X] ~ Cl[zy, ..., x,]/I(X).
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A C-algebra is a ring containing C as a subring, and it follows that it is equipped with the
structure of a complex vector space. Let X C C” be an affine variety. The cooridnate ring
C[X] =~ Clxy,...,x,]/1(X) is a C-algebra and it has the structure of a complex vector space
given by addition on C[X] and scalar multiplication by complex numbers.

Let ¢1,...,ps € C[X] be regular functions on an affine variety X C C", and let Y C C* be
an affine variety. A function ¢ : X — Y such that x — (p1(z),...,¢s(x)) is a regular map. A
regular map ¢ is an isomorphism if it is bijective and its inverse is a regular map. In this case, the
affine varieties X and Y are isomorphic. A regular map ¢ : X — Y induces a homomorphism
©* : ClY] — C[X] of C-algebras given by f — f o .

3.4 Projective Varieties

The set of one-dimensional subspaces of C"*! is (complex) projective n-space and is denoted

by P". A point ¢ € P" may be represented by the coordinates [xo, ..., z,]| of a nonzero vector in

the subpace ¢ € C"™'. If r € C*, thenr - [xy, ..., T, = [rzo, ..., rx,]|. This gives an equivalence

relation ~ on the set C"™! \ {0} of nonzero vectors in C"*! (where 0 is the zero vector in C"*')

and P" = (C"*!' \ {0})/ ~. The coordinates [z, . . ., z,] are homogeneous coordinates.
For each i = 0, ..., n, let U; be the set of points ¢/ € P whose i-th coordinate is nonzero. Di-
vide by this i-th coordinate to obtain a representative of ¢ of the form [zq, ..., x; 1,1, 211, ..., T,

Thus P* = Uy U - - - U U,,. The sets U; are coordinate charts for P as a manifold.
Let f € Clxo,...,x,] be a polynomial of degree d and denote by f;. the sum of the terms of
f of degree k. The polynomial fj, is the k-th homogeneous component of f. If [z, ..., x,]| and

[rzo, ..., rx,] are representatives of a point £ € P", then

flrzo, ... ,rxy) =14 fi(x0, ..., Tn) + -4 rfi(xo, ..., T0) + folzo, ..oy xn).

Observe that f(¢) is a well-defined number only if f is constant. A polynomial f is homoge-

neous of degree d if f = f;. Homogeneous polynomials are also known as forms. The set of
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homogeneous polynomials of degree d is denoted by C|zy, ..., z,]s. The set
Var(fi, ..., fs) == {€ € P"| f;is homogeneous and f;({) = 0fori=1,...,s}

defines a projective variety. An ideal I of Clzy, ..., z,| is homogeneous if f € I implies that all
the homogeneous components of f are in /. It follows that projective varieties are given by homo-
geneous ideals. If Z C P is a subset of projective space, the set [(Z) := {f € Clxg,...,z,] |

f(¢) =0forall ¢ € Z} is the ideal of Z. This is a homogeneous ideal.
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4. POLYTOPES AND TORIC VARIETIES

In Chapter [5| we study the geometry of the Newton polytope of the dispersion polynomial
of a periodic graph operator and give criteria when the dispersion polynomial is irreducible. To
study the asymptotics of the complex Bloch variety of a periodic graph operator, in Chapter [6] we
compactify this Bloch variety in the toric variety associated to the fan of its Newton polytope. Here,
we outline the background on polytopes and toric varieties necessary for our study of complex
Bloch varieties. For more on polytopes, see [[11,37], and for a thorough treatment of toric varieties,

see any of [6,/10,/11,|18,34].
4.1 Polytopes

Let A C R" be a finite set. The sum »_ A,a, where A\, > 0 and > A\, = 1, is a convex
acA acA

combination of points a € A. The convex hull of A is the set
conv(A) 1= {Z At | Z A =1and N\, >0foralla € .A}
acA acA

of all convex combinations of points a € A. The convex hull of a finite set of points is a polytope.

If A C Z™, then conv(.A) is a lattice polytope.

Figure 4.1: The two-dimensional cross polytope.
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Example 4.1.1. The polytope P = conv{(+1,0),(0,+1)} C R? depicted in Figure is the

two-dimensional cross polytope. o

Let V be a linear subspace of R” and let z € R". A translate z + V :={x +v € R" |v € V'}
of V by x is an affine subspace. The dimension of x + V' is the dimension of V. The affine span of
aset X C R™ is the intersection Aff(.X) of all affine subspaces containing it. The dimension of a

polytope is the dimension of its affine span.
Proposition 4.1.2. [37, Theorem 2.15] A polytope is closed and bounded.

Let w € R"™ and let P C R" be a polytope. Since P is closed and bounded, the dot product
¢ — w-c, as a function on R” restricted to P, has a minimum value hp(w) := min{w-c | ¢ € P}.
The set P, := {p € P | w-p = hp(w)} is the face of P exposed by w and the vector w is an
inner normal of P,,. A face of P is also a polytope since P, = conv{a cA|lw-a= hp(w)}. A
face of P of codimension 7 is a vertex, a face of codimension n — 1 is an edge, and a face of P of
codimension 1 is a facet.

The Minkowski sum of two polytopes P, () C R",

P+Q:={p+qeR"|pecPqecQ}

is a polytope. If A > 0, the dilation AP := {\p € R™ | p € P} is also a polytope.

A polytope P C R" is indecomposable if whenever there exist polytopes (), R C R"™ with
P = Q + R, then Q or R is a point in Z". Otherwise, P is decomposable. A lattice polytope
@ is homothetic to P if there exist a point ¢ € Z" and a positive rational number r such that
P = a+ r@Q. A lattice polytope P is only homothetically decomposable if whenever there exist

polytopes (0, R C R™ with P = () + R, then () and R are homothetic to P.
4.2 Newton Polytopes

A Laurent monomial in the variables z1, ..., z, is the product 2 := 27 --- 2%, where a =

(ay,...,a,) € Z". A Laurent polynomial f in the variables z1, ..., z, is a linear combination of
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Laurent monomials

where ¢, € C s a coefficient and all but finitely many coefficients are 0. The support of the Laurent

polynomial fis A(f) := {a € Z" | ¢, # 0}. The product ¢,z of a coefficient ¢, and a monomial

2% 1s a term.

The set of Laurent polynomials in the variables zy, ..., 2, is denoted by C[zi", ..., 2], and it
is a ring under addition and multiplication. A Laurent polynomial f € C[z, ..., 2] is irreducible
if it is not a term, and whenever there exist polynomials g, h € (C[zf[, ..., 25] with f = gh, either

g or his aterm.

Let f € C[zi, ..., 2] be a Laurent polynomial with support A(f) C Z". The Newton poly-
tope of f is the convex hull Newt f := conv(A(f)) C R" of its support. Since the support of f
lies in Z", Newt f is a lattice polytope. For a face [’ of the polytope Newt f, the facial polynomial
fr of f is the sum of the terms of f whose exponent vectors lie in A(f) N F. A monomial whose
exponent vector is a vertex of Newt f is an extreme monomial of f.

Given two Laurent polynomials f and g, the Newton polytope of their product fg is the

Minkowski sum Newt fg = Newt f + Newtg. A Laurent polynomial f € C[z,...,2F] is

’n

only homothetically reducible if it is not a term and whenever there exist g,h € C[27, ..., 2]

’n

with f = gh, then Newt g and Newt h are homothetic to Newt f.

Example 4.2.1. Let H be a hyperplane of R", let A C H be a finite set, and let v be a point in
R™ . H. The convex hull of AU {v} is a pyramid with apex v. A face of conv(.A U {v}) is apical
if it contains the apex, v. Pyramids are only homothetically decomposable [19]].

A Laurent polynomial in C[z%, y*, 2*] of the form g(x,y, 2) = 2+ f(x,y), where a # 0 and

f € Cl[z*,y*] ~ {0}, is only homothetically reducible. If @ = 1, Newt g is indecomposable. ¢
4.3 Toric Varieties from Monomial Maps

Recall from Example that the algebraic torus (C*)" is the group of invertible diago-

nal n x n matrices over C. The free abelian group Z" of rank n is isomorphic to the group
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Hom,(C*, (C*)™) of cocharacters from C* to (C*)". The group Z" is also isomorphic to the
group Hom, ((C*)",C*) of characters. The coordinate ring of (C*)" is the ring C[z7, . .., 2] of
Laurent polynomials.

Let A C Z" be a finite set of column vectors of an integer matrix with n rows. Writing C* for

the complex vector space of functions from A to C with coordinates (z, | a € A), we use the set

A to embed (C*)" into C* through the map

pat (C) — (C)*cch

r— (2% ] a € A).

The Zariski closure of the image ¢ 4((C*)™) defines an affine toric variety X 4. The ideal of X 4,

denoted by [ 4, is the kernel of the map

0% Clza | @ € A] — Cla7, ..., 25

rrn

4.1)
2y — X%,

The exponent of a monomial z* € C[z, | a € Alisu = (u, | a € A) € NA Foru € N4, let Au

= Y au,. Note that ker ¢* contains the set of binomials {z* — 2* | Au = Av}.
acA

Theorem 4.3.1. [34, Theorem 1.2] The ideal [ 4 is a prime ideal, and as a complex vector space, it

is spanned by the set {z* — 2V | Au = Av}.

Proof. The image of the map % is the subalgebra in C[z*] generated by the set {z° | a € A}.
Since C[z*] is an integral domain, so is the image of (% . Hence, the ideal 14 = ker ¢% is prime.

Let < be a term order on C|z, | a € A]. For f € 14, write

f=c.2"+ E 2’

v<u

where ¢, # 0, so that in;(f) = ¢,2" is the initial term of f. It follows that 0 = ¢%(f) =

cux™t + > c,x*?. Then there exists v < u such that Au = Av (otherwise ¢, z** is not canceled

v<u
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in ¢y (f) and 4(f) £ 0).

Suppose the leading term of f is <-minimal in the initial ideal in<(/4) := {in<(g) | g € L4}.
Set f := f — c,(2" — 2*) and observe that % (f) = 0 and inL(f) < in(f). Since the leading term
of f is <-minimal in in_ (1), it follows that f = 0 and f is a scalar multiple of a binomial of the

form

2 =2 Au= Av. 4.2)

where u, v € NA,
Suppose now that in~( f) is not <-minimal in in(/4) and every polynomial in in (), all of
whose terms are <-less than in~(f), is a linear combination of binomials of the form (4.2). Then

f is a linear combination of binomials of the form (4.2), which implies that f is as well. [

Recall that a monoid is a nonempty set with an associative binary operation and an identity
element (see Section[2.2). Given a finite set A C Z", N.A is the submonoid of Z" generated by A.
The monoid algebra of A C Z™ is the set C[N.A] of complex-linear combinations of elements of

N.A. We identify C|N.A] with the set of Laurent polynomials whose exponents are from N.A.

Corollary 4.3.2. [34, Corollary 1.3] Let A C Z" be a finite set. The coordinate ring of the affine
toric variety X 4 is C[NA].

By the proof of Theorem [4.3.1] the coordinate ring of X 4 is C[NA] ~ C[z* | a € A]. It
follows by the standard algebra-geometry dictionary that X 4 = spec C[NA].
4.4 Toric Varieties from Fans

We follow [8,|10] to construct an abstract toric variety by gluing affine toric varieties along
common open subsets. These affine toric varieties and the gluing are recorded by the data of a fan.
Let N be a finitely generated free abelian group of rank n and let M/ := Hom(N, Z) be its dual

group. Let o be a finitely generated submonoid of N. The polar of o,

o :={ue M]|uv)>0forallv e o},
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is a finitely generated submonoid of M = Hom(N,Z). A cone o is a finitely generated submonoid

\

that is saturated, which means (¢")" = 0. The dimension of a cone is the rank of the subgroup it

generates. A one-dimensional cone is a ray.
Example 4.4.1. If A= {(1,1),(1,0),(1,—1)} C Z?, the monoids N.A and Z.A are cones. o

A face 7 of a cone o is a submonoid 7 = {v € o | u(v) = 0}, for some u € ¢". A face 7 of o

such that 7 # o is a proper face.

Lemma 4.4.2. [|6, Lemma 1.2.6] Let o be a cone. Then
(a) every face of ¢ is a cone,
(b) the intersection of any two faces of ¢ is a face of o, and

(¢) a face of a face of o is a face of 0.

Let 0 be a cone in V. As in Section the monoid algebra of oV C M is the set C[o"] of
complex-linear combinations of elements of ¢".

+ +

Example 4.4.3. The Laurent polynomial ring C[Z"| = C[z7, ..., x| is a monoid algebra. o

Given a cone o in N, we associate to o the affine variety V,, := spec C[o"]. If 7 is a face of o,
then ¢¥ C 7V induces the inclusion V. C V, as C[o"] and C[7"] have the same function field and
Clo¥] C C[7Y].

Let 0 be the identity of N. A cone o is pointed if {0} is a face of o, in which case ¢" generates
M. A fan > in N is a finite collection of pointed cones in N where

(a) any face of a cone in ¥ is a cone in ¥, and

(b) the intersection of any two cones in ¥ is also a common face of each.

The support of a fan 3 is the set-theoretic union || := | J ¢ C N. A fan ¥ is completeif |X| = N.

Let X be a fan in N. We obtain an algebraic VarietayE i(g from the collection {V,, | 0 € ¥} by
gluing along the inclusions induced by V,; C V,, whenever 7, o are cones in X and 7 is a face of o.

Since a pointed cone contains {0} as a face, the algebraic torus V, = spec C[M] is contained

in V, for every o € Y and the gluing is torus-equivariant. It follows that Vj acts on the variety Xy,

showing Xy is a toric variety. The variety Xy is the toric variety associated to the fan ..
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Let o be a cone in N. The lineality space of o" is the group M, := ¢" N (—0") C M. The
affine variety V, has a distinguished point x,, which corresponds to the maximal ideal of C|o"] that

is the kernel of the map C[o"] — C, where

1 we M,
o’ > ur—

0 otherwise.

The orbit O, of the point z,, is a torus orbit in V.

Let Mp := M ®z R. Let P be a polytope in Mr. For v,w € N, v ~ w if and only if
P, = P,, which means v and w expose the same face of P. Let F" be a face of P. The set op
:={u€ N | F C P,} is apointed cone in N. The collection X5 := {or C N | F is a face of P}
is the (inner normal) fan to the polytope P. Each cone in ¥p corresponds to a unique face of P
as follows. Given a face F' of P, the relative interior o, of the cone o € Xp is the set-theoretic
difference of o with the union of the cones o5 € Y p for faces GG of P that contain F'. The face F'
is the face of P exposed by any w € o}. If I is a face of P, the lineality space My := M, is the

linear span a — b € M, where a,b € F'N M (see [34, Section 3.1]).

Figure 4.2: The two-dimensional cross polytope and and its fan.

Example 4.4.4. Figure shows the two-dimensional cross polytope and its fan in Z2. The cone
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corresponding to the vertex v = (—1,0) is the cone generated by (1,1),(1,0), and (1, —1). The

cone corresponding to the edge F' of P is the ray generated by (1, 1). o

Since each element in NV exposes a face of P, the fan > p is complete. The next theorem shows

us that the toric variety Xy, associated to the fan > p is compact.

Theorem 4.4.5. [|6, Theorem 3.4.1] Let X be a fan in N and let X, be its associated toric variety,

Then Xy, is compact if and only if X is complete.

4.5 Sheaves on Toric Varieties from Fans

In Chapter [6] we construct a particular class of sheaves on a toric variety constructed from a
fan. We do not need sheaves in complete generality. This section is based on [11}, VIL.1].

Let R be a (commutative) ring with 1. A (left) R-module is an abelian group M = (M, +)
together with a function

RxM—=M, (ra)—ra

such that for all 7, s € Rand a,b € M,
(1) r(a+0b) =ra+rd,
(i7) (r + s)a = ra + sa,
(731) r(sa) = (rs)a, and
() Idra = a.
If R is a field, then an R-module is a vector space.
Let R’ be a ring that contains R as a subring. Let M be an R-module and let M’ be an R'-
module. An R-module homomorphism ¢ : M — M’ is a function such that for all ;s € R and

a,b € M, p(ra + sb) = rp(a) + sp(b). If R = R and ¢ is bijective, then ¢ is an R-module

isomorphism.
Example 4.5.1. Every abelian group G is a Z-module. o

Let X be a toric variety. A sheaf of rational functions .% on X consists of the following data:

(a) for each (Zariski) open subset U C X, .# (U) is a ring of rational functions on U’
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(b) for every inclusion V' C U of open subsets of X, py s is the inclusion .# (U) — .7 (V);

such that .Z () = 0, py,y = Idz ), and for any inclusion W C V C U, pwu = pw,v © pvu.

Example 4.5.2. Let X be the (inner normal) fan of a polytope and let Xy, be the toric variety
associated to X. For each open subset U C Xy, let 0(U) be the ring of regular functions on U.
For each open subset V' C U and f € &(U), the restriction f|y of f to V is a regular function
on V. Moreover, since a rational function which is regular locally is regular, it follows that &' is a

sheaf of rational functions on Xs,. This sheaf is the structure sheaf of Xx,. o

Proposition 4.5.3. [11, Theorem 1.8] Let X be a fan in a finitely generated free abelian group N,
let M = Hom(N,Z), and let X, be the associated toric variety of the fan X.

(a) If o € 3, then O(V,) = C[o"]. In particular, &'(V;) = C[M]

(b) If X is complete, then &' (Xy) = C.

Let X be a fan and let X, be its associated toric variety. Let .% be a sheaf of rational functions
on Xy such that for each V,, the set % (V) is an &'(V,)-module of rational functions on V.. Then
. is a sheaf of 0'-modules on Xs,. Let .# be a sheaf of &-modules on Xy,. For an open subset
U C Xy, an element in .% (U) is a section of .# over U. A global section of .% is an element of

the 0(Xy)-module .7 (Xy).
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5. IRREDUCIBILITY™

We study the (ir)reducibility of Bloch varieties upon a change of their period lattice. This line
of work dates back to the 1980s, with a focus on the discrete periodic Schrodinger operator on
¢*(Z%). For this operator, irreducibility of the Bloch variety was proven in [3] for d = 2.

We use discrete geometry to study when the irreducibility of the dispersion polynomial of a pe-
riodic graph operator is preserved for a potential that is periodic with respect to the sublattice ()7
(see Section [2.2)). For a QZ-periodic potential, we show that if enough of the facial polynomials of
the corresponding dispersion polynomial D, are also facial polynomials of a Z4-periodic potential
and the corresponding facial polynomials of D are irreducible, then D¢, factors “only homothet-
ically” (Corollary [5.3.12). If this condition is met, then Dy, is irreducible if it has an irreducible
facial polynomial (Corollary [5.2.5).

There is an overlap between our methods and those in [16], which were inspired by the
work [28]]. We translate these works to the language of discrete geometry. This allows us to use
the theory of indecomposability for lattice polytopes in the study of irreducibility of the Bloch va-
rieties. This enables us to apply our results to study the irreducibility of a larger class of dispersion
polynomials; for example, those that arise from many-vertex models like the hexagonal lattice, as
opposed to the single-vertex models such as the square lattice, that are the subjects of [16].

Section introduces the background on changing the period lattice of the potential of a
periodic graph operator. Section [5.2]uses classical results on the decomposability of polytopes to
obtain analogous results for a class of Laurent polynomials. For a Z?-periodic potential, Section
discusses sufficient conditions when the irreducibility of the dispersion polynomial is preserved
after changing the period lattice which will enable us to discuss irreducibility of the dispersion

polynomial for more general potentials. Section [5.4|provides various applications of these results.

* Adapted with permission from “Irreducibility of the Dispersion Polynomial for Periodic Graphs” by Matthew
Faust and Jordy Lopez Garcia, 2025. SIAM Journal on Applied Algebra and Geometry, Volume 9, pages 83-107,
Copyright 2025 by the Society of Industrial and Applied Mathematics. This chapter includes figures that are reprinted
with permission from the Society of Industrial and Applied Mathematics.
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This chapter is based on published work with Matthew Faust in [[12].
5.1 Changing the Period Lattice of the Potential

Let ' = (V, £) be a Z?-periodic graph with fundamental domain W, where m := ||, and let
L be a periodic graph operator on ¢2(I"). Fix Q := (q1,...,qs) € N? and let |Q| := ﬁ qi. We
wish to study the dispersion polynomial D of L with labeling (Vg, E), where E : £ Zj Cisa
Z.-periodic edge labeling and V, : V — C is a QZ%-periodic potential, rather than a Z?-periodic
potential. We denote operator L with labeling (Vg, E') by L.

As QZ is a free subgroup of Z? of rank m, I is also a QZ-periodic graph. Thus, W, is a
fundamental domain for the action of QZ on V (see Section [2.2)). The Floquet matrix of L with
respect to the (QZ-periodic graph I" with fundamental domain W, is denoted by L,(z). Since
|Wg| = |Q|m, the matrix Lg(2) is a |Q|mx|Q)|m matrix of Laurent polynomials.

We discuss an alternative representative of L (z) that comes from a change of basis and after
a change of variables. Consider the surjective group homomorphism

o (©) — (©)

5.1
(215 vy 2a) — (21, ... 20,

d
with kernel group U, := [[ U,,, where U, is the multiplicative group of ¢;-th roots of unity.
=1

Fix 2 € T% and v € W. For each p € Ug, define the function e, ,, : V — C such that forv € V,

(p2)% = [](pizs)¥ ifv=a+ufora=(aiy,...,ay) €7, and
epu(V) = =

0 otherwise.

Observe that for a € Z% and v € V with v # u,

epula+u) = (p2)* = (pz)*e,u(u), and
(5.2)

epula+v) =0=(pz)’e,u(v).
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By [21, Lemma 2.2], the set of functions {e,, | p € Ug,u € W} forms a basis for functions
1V — C satisfying
PY(Q; +v) =zlv), fori=1,...,d.

Here, Q; := ¢;&;, where ¢; is the i-th standard basis vector of R%. The set {e,., | p € Ug,u € W}
also forms a basis for Floquet functions with Floquet multiplier =% with respect to the (QZ-action
(see [12, Remark 1.2]). Thus, we obtain a new matrix representation for Lg(2{", ..., 23?) in the
basis {e,., | p € Uy, u € W}. For each p € Uy, the weighted discrete Laplacian A in this basis

is defined by

(Apepu)W) == > Euaro(p2)epulv),

(u,a+v)eE
where u,v € W. The Floquet matrix of Ag in the basis {e,, | p € Ug,u € W} is a block-
diagonal matrix given by |Q|x|Q)| blocks, indexed by Uy x Ug, of mxm matrices, indexed by

W x W :

~

(AE(Z))M,/ =0y - Ap(p2),

where the submatrix Ag(pz) represents the discrete Laplacian A i with Floquet multiplier pz (with
respect to the Z?-action). The Floquet matrix of A in the basis {e,,, | p € Ug,u € W} is denoted
by Ag(2).

To discuss the potential V' in this new basis, we will take a discrete Fourier transform. For each

i € Ug and a + v € Wy, the discrete Fourier transform of the potential V" is

(Veuu)a+v)=V(a+v)e,(a+v)= ZV},H v)e,ula+v) = ZVPN v)pe,u(v),
peUq peUq
where \A/p’“(v) is the Fourier coefficient of V' on the orbit of v € W (see also [17, Equation 4.5]).

To obtain a matrix multiplication operator in this basis, we solve for the coefficients and get

~

vp,u<v>ep,u<v>=e”|gy| S Via+o)(up )
a+v€WQ
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Let V be the matrix representation of V' in the basis {e,,, | p € Uy, u € W}; that is, V acts on the

basis function e, ,(v) by

(Vepu) (v Z V,u(v)e,u(v) = Z 6u|22| Z Via+o)(pp™)* (=Ve,u(v)).

HEUQ nelg
This is a |Q| x |Q| block matrix with 7 x m entries, indexed the same as Ap(z). Each V,, is an
m X m diagonal matrix such that (Vp,u) = f/ u(w).

Remark 5.1.1. If V is also Z?-periodic, then

~

Vo (V)€pu(v) Z V(a+v)euu(v)(pp™)"

a+’UEWQ

Z V(v)e,u(v pHe

U«+’U€WQ

_ V(U)eﬂ,u(v) Z (Mp_l)a.

|Q| at+veEWqg

Thus, V,, ,(v) = V(v) when p = p and is 0 otherwise. That is, V' is a diagonal matrix. o

The m|Q| x m|Q| matrix Lg(z?) with respect to the basis {e,., | p € Ug,u € W} is

Let Dg(2, \) = det(Lg(z) — M) and Dg(z, \) = det(Lg(z) — M). As Lq(z, A) is Lo (29) after

a change of basis,
Do(29,\) = det(Lq(29) — M) = det(Lq(z) — M) = Dg(z, \).

Example 5.1.2. Let us continue Example When we view the hexagonal lattice as Z>2-periodic,
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as in the case of Figure with a Z?-periodic potential V', we get the Floquet matrix

V(u) —a—fz ' —yy~!

—a—fr—y V(v)

L(m,y) =

Let Q = (2,1) and let V, be a QZ-periodic potential, then L¢(x,y) is given by the matrix

Vo(u) —a—yy™ 0 —fa!
—a—yy  Vo(v) -B 0
0 -8 Vo((1,0)+u)  —a—yy™
—px 0 —a—"yy Vo((1,0) +v)

If V satisfies V (u) = VQ(“HVQQ((LOH“) and V (v) :VQ(UHV‘;((LO)H) , then Lg(x,y) is a 2 x 2 block

matrix with each entry a 2 x 2 matrix. Explicitly,

. L(x, Vo)i—
Lo(z,y) = (@y) (Voh , where

(Vo)-11 L(=z,y)

A ~

Vo (u)—Vo((1,0)+u) 0
(Vo)1= (Vg)-11 = 2

0 Vo (v)=Vo((1,0)+v)
2

5.2 Only Homothetic Polynomials

Only homothetic decomposability was considered in [29,32], where it is shown that if enough
faces of a polytope are only homothetically decomposable, the polytope is only homothetically
decomposable. We prove an similar result for only homothetically reducible Laurent polynomials.

If f, g, and h are Laurent polynomials such that f = gh and F' is a face of Newt f, we write
fr = grhr as the factorization of the facial polynomial fr into g and hr. Recall that there exists

an inner normal w € R? that exposes F' (and is such that fr = f,)) and gr = g, and hp = h,,.
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Remark 5.2.1. If f is only homothetically reducible, then whenever f = gh, there exists r,t € Q
such that » Newt f = Newt g and ¢t Newt f = Newt h. By the definition of only homothetic
irreducibility, there exists a, and aj, in Z? so that a, + r Newt f = Newt g and aj, + t Newt f =
Newt h. It follows that (a, + 7 Newt f) + (ap, +t Newt f) = Newt f and a, + a, = 0. Thus, there

exists ¢’ = 2% ¢ and b’ = z%h such that r Newt f = Newt ¢’ and ¢t Newt f = Newt A/. o

Lemma 5.2.2. Let f, g, and h be Laurent polynomials and suppose that f = gh. Let F} and I, be
faces of Newt f with dim F7 N F, > 1 whose corresponding facial polynomials, fr and fg,, are
only homothetically reducible. If Newt g, = r Newt fp, and Newt hp, = t Newt fp, for some

pair 7, t € Q, then Newt gp, = r Newt fr, and Newt hp, = t Newt fg,.

Proof. Since f = gh, fr, = g hr,. As fr, is only homothetic reducible we have that r Newt fr, =
Newt gr, and t Newt fr, = Newt hp, for some r,t € Q. Let F/ = Fy N F,. As F' C I3, it follows
that Newt gpr = r Newt frr and Newt hpr = ¢ Newt fr.. The polynomial fp, is only homotheti-
cally reducible and must agree with its restriction to F”; it follows that r Newt fr, = Newt g, and

t Newt frp, = Newt hp,. O

A strong chain of faces of a polytope P is a sequence of faces F, ..., F}, of P of length n such

that for each ¢, dim F; N F; . > 1.

Example 5.2.3. Adjacent triangular facets of a 3-dimensional pyramid share an edge, and thus give

a strong chain of faces of length 2. o

Theorem 5.2.4. Let f, g, and h be Laurent polynomials such that f = gh. If for each pair (a, b)
of distinct vertices of Newt f there is a strong chain of faces Fi, ..., F}, suchthata € F},b € F},,
and for each £}, the corresponding facial polynomial f7, is only homothetically reducible, then f

is only homothetically reducible.

Proof. By Lemma [5.2.2] there exist a pair of rational numbers 7, ¢ € Q such that r Newt fr, =
Newt g, and ¢t Newt fr, = Newt hp, foralli = 1,...,n. Asa € Fyand b € F,,, r Newt f, =

Newt g,, t Newt f, = Newt h,, r Newt f, = Newt g, and t Newt f, = Newt h;. This is the
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case for all vertex pairs (a, b) of Newt f. In particular, we may fix a and let b vary over the other
vertices. As any vertex of Newt f must come from the Minkowski sum of a pair of vertices u, v
where u € Newt g and v € Newt h, and any vertex u of Newt g or v of Newt h must be a summand

for some vertex of Newt f, it follows that r Newt f = Newt g and t Newt f = Newt h. [

Corollary 5.2.5. Suppose that f is only homothetically reducible. If there is a face [’ of Newt f

of dim F' > 1 such that fr is irreducible, then f is irreducible.

Proof. Suppose that f is only homothetically reducible. Let F’ be a face of Newt f such that f| is
irreducible. Suppose g, h are Laurent polynomials such that f = gh. As f is only homothetically
reducible, there exists r,s € Q such that »r Newt f = Newt g and ¢t Newt f = Newt h. Thus, for
any face F’ of Newt f, r Newt fr» = Newt g and t Newt frm = Newt hp. Notice that fr is
irreducible and therefore, one of g|r or hp is a monomial. As one of hr or gr must be a monomial

(which by Remark [5.2.T| we assume to be the constant monomial), either ¢ or r is zero. ]

5.3 Expanded Dispersion Polynomials

Let I" be a Z%-periodic graph with fundamental domain W, let L(z) be the Floquet matrix of
a periodic graph operator L with a Z-periodic labeling (V, E) (that is, both E and V are Z?-
periodic), and let D(z, \) := det(L(z) — AI) be its dispersion polynomial.

Fix Q = (q1,...,q4) € N, and consider I as a QZ-periodic graph with fundamental domain
Weq. For a QZ-periodic potential V), let Ly(z) be the Floquet matrix of L acting on the Q)Z-
periodic graph I" with fundamental domain W, and with the labeling (Vj), E). Let Lq(z) be the
matrix obtained from the Floquet matrix L (2%) after the change of basis (5.2), and let V' be the
matrix representing Vg, after the change of basis in Section

Recall that Dg(z,\) = det(Lg(z) — M), Dg(z,A) = det(Lg(z) — M), Do(29,)\) =
Do(z, ), Q| = ﬁ ¢i, and Uy = ﬁL{qi, where U, is the multiplicative group of ¢;-th roots
of unity. We will V\;r:itle D, Dg, and ﬁ;:iln place of D(z, \), Dg(z, \) , and Dg(z, \) respectively.

We seek conditions on D and () which imply that if Vi = V then Dy, is irreducible. In this

case, the QZ-periodic potential V, is also Z?-periodic.
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Suppose that V5 = V. By Remark V is given by a diagonal matrix when the potential

Vg is Z4-periodic. It follows that D¢ (z, \) may be expressed in terms of D as

Do(z,A) i= det(Lg(z) = [ det(L(uz) = AI) = [] D(uz. ). (5.3)

nelg neEUg
Due to this expression, Newt D = |Q| Newt D. As Do(29,\) = Dg(z,A), Newt Dy, is the
polytope obtained after multiplying the i-th coordinate of each point of Newt DD by %. That

(@

is, (ay,...,aq4,a4+1) is a vertex of Newt D if and only if - ,...,%, |Qlaat1) is a vertex

of Newt Dg. Therefore, w = (wy,...,ws11) € Z% exposes a face of Newt D if and only if
w' = (quwy,...,qqwq, way1) exposes a face of Newt Dg. We call Newt Dy a contracted Q-
dilation of Newt D (a contracted ()-dilation is a (‘Q|, e |Q‘ \Q!) -dilation). We will often write
(D@)w for (Dg)u; similarly, if F' is the face of Newt D¢, exposed by w’, we will write D for the

corresponding facial polynomial of D and vice versa.

Lemma 5.3.1. Let V{; be the Z?-periodic potential V and suppose that D is only homothetically

reducible. Then Dy, is only homothetically reducible.

Proof. Suppose D is only homothetically reducible and Dy = g(z, A\)h(z, A), where g(z, ) is
not a monomial. As D (29, \) = Dg(z, \), it suffices to show Newt g(z?, \) is homothetic to
Newt ﬁQ. By Remark as D is only homothetically reducible, if f;, ..., f; are its irreducible
factors, then there exist r1,...,r; € Q such that Newt f; = r; Newt D. As Vj is Z4-periodic, it
follows that Newt f; = 0] Q| Newt DQ

By Equation (5.3), g(22,\)i(29,)) = Do = [] D(uz, ). Thus there exists an integer
uelg

s with 0 < s < [|Q| such that g(22,\) = [] ki(z, \), where each r;(z,\) = f;(uz,\) for
i=1

some j € [l] and u € Ug (noting that each f;(uz,)\) is an irreducible factor of D(z9, \)). If

ki(z,\) = fj(uz, A) then let x; = r;. Thus Newt g(29, \) = % Newt Dy, and thus we have

Newt g(z, \) = ’|Q1| Xt Newt Do. O
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Remark 5.3.2. Lemma extends to facial polynomials. For a Z%-periodic potential, if D,, is

only homothetically reducible, so is (Dg),,. Thus the results of this section extend to (Dg),. <
The following lemma is considered folklore and will provide us motivation. For A € N¢, let

Q/A = (Z—ll,...,Z—‘i),andwriteA | Qifa; | g foralli=1,... d.

Lemma 5.3.3. Suppose A = (a1, ...,a4) € N%such that A | @ and let Vi) be an AZ-periodic

potential. If D is irreducible, then D 4 is irreducible.

Proof. By way of contradiction, suppose that D 4 is reducible, that is, D4 = f(z,A)g(z, A). The

fundamental domain Wy is a () /A-expansion of Wy, hence

a1
Do(z", ... zjd,)\ H Da(pz,\) = H fluz, N)g(pz, N).

REUG /A reUg/a
By Lemma 3.1 of [16], there exist f" and ¢’ such that

a 4d

F(z o zgt A = H f(pz, A) and g(z1 . zd : H gluz, \).
peUg /A nelq a
Therefore Dg(21, ..., 24, A) = f'(z1, .-, 24, NG (21, - - -, Za, ). ]

By Lemma if Dy, is irreducible and A | @), then D, is irreducible. For the remaining
section, we assume D is irreducible for the Z?-periodic potential V and that V = V. Let o =
{o1,....01} € (If) be a k-element subset of the set [d] := {1,2,...,d}. Let & = [d] . o be the
complement of ¢ in [d]. Definec © Q = (0 ® ¢1,0 ©® @a,...,0 ® qq), Where 0 © ¢; = ¢; if i € o,
and o ©® g; = 1if j € 0. Let D,5¢ be the dispersion polynomial given by the periodic graph
operator L, with the Z“-periodic (and therefore (0 ® Q)Z-periodic) labeling (Vg, E) associated
to the (0 ® @)Z-periodic graph I" with fundamental domain given by the expansion W, of W.
This notation will allows us study irreducibility of the dispersion polynomial as we incrementally

expand coordinate-wise from D = D 1) to Dg. Lemma suggests this approach, as we

77777

know that if Dy, is irreducible, then for any £ < d, we must have that any D, is irreducible for

all o € ([Z}). Indeed, this leads us to the following theorem.
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Theorem 5.3.4. Fix a positive integer £ < d and suppose that D, is irreducible for all o € ([Z]) )

If no k + 1 coordinates of () share a common factor, then Dy, is irreducible.

Proof. Assume that no k + 1 coordinates of () share a common factor. Suppose there exist poly-

nomials g, h, with g not a monomial, such that
Dg = g(z, \)h(z, \).
Reordering, if necessary, we may assume that o = [k]. As W, is an expansion of W, ¢,

Do("®90) = [[ Dooo(z1: -2k V12ke1, - -5 YabZas A)-
YUz 0Q

As D,q is irreducible, there exist ', ..., v* € Uz for some s > 1 such that

GQQ >\ HDO'@Q Zla"'72k7712k+1a--chil—kzd?)\)'

Expand this so that

= H H D(p121, - - -y ks Vi Zh1s - - - » Vo iZds A)

i=1 puelg

k

can be written as a product of S := s [] ¢; irreducible polynomials. As o is arbitrary (that is,
i=1

the same argument holds for any o € ([Z]) after reordering coordinates), the product ¢,, - - - qo,

divides S for all o € ([Z}). By our assumption, no k + 1 coordinates of () share a common factor.

Therefore, if p® is a prime power that divides |Q|, there exists o € (1) such that p® | ¢y, - - - o,

, and so h must be a monomial. O]

To apply Theorem [5.3.4} we need to find conditions that imply D, is irreducible for all
|o| > 1. Rather than depending strictly on (), these conditions examine the reducibility of Dy in

relation to the interplay between () and the support of D. We begin this discussion with a remark.
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Remark 5.3.5. 'We study how D(z, A) relates to D(uz, ) for 1 € Ug. In particular, we consider if
there exists a i € Ug such that D(uz, \) is given by D(z, A) up to multiplication by some constant.
Since D(z, \) has a term that is constant as a polynomial in z (a term that is a constant or a power

of \), we may always assume that if such a y exists, then D(uz, \) = D(z, \). o

Before stating these conditions in generality, we begin by building some intuition by studying

the case when d = 1. Suppose that 0 = {1}, z = z;, and that ¢ = ¢; > 1. As D(z,\) is

irreducible,
(29 N) H D(pz, ).
nEUq
If D,(z,\) = gh, where g and h are not monomials, then there exist py,...,us € U,, where

1 < s < ¢, such that

g(z%, ) HD,uzz)\

As s < g, there exists p/ € U, such that 'y & {p1,...,us}; indeed, such a p/ must exist
otherwise s = ¢ and D,(z, \) is irreducible as then 4 must be a monomial. As multiplying z by

elements of U, does not change g(29, \), we have
g(z%,A) = g((1'2)%, \) HD 1 iz, A).

As each D(pz, A) is irreducible, there is a j € {1,...,s} such that D(p/p12, ) = D(p;2,A)
(see Remark [5.3.5). As p/puy # puj, we have that i = /i1 (p1;) ™" is not 1, and thus we have a
nontrivial element i € U, satisfying D(jiz, A) = D(z, A). Since D(jiz, \) = D(z, \), if v(z, A) is
a monomial term of D(z, \), then v(jiz, \) = v(z,A). Thus if D,(z, ) is reducible, then ord(j1),
the order of /i, must divide the exponent of z in any term v(z, \) of D(z, ).

Let O’ be the greatest common divisor of the finite set of integers {r | (r,t) € A(D(z,\)}.
Since /i fixes the terms of D, ord(/1) divides b'. Since ord(j) divides ¢ = |U,]|, it follows that
ged(q, V') # 1. Thus if D(z, A) is irreducible and ged(q, b') = 1, we obtain a contradiction. Thus

D,(z,\) is irreducible (as our assumption that D,(z, \) is reducible implies that gcd(q, d') # 1).
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Indeed, if ged(q, b') = 1, then ged(ord(f2), ') = 1. By Euclid’s algorithm and the definition of
b', there must exist 2" A", ..., 2" \" as monomials, or their inverses, that appear as a term with a

nonzero coefficient in D(z, \) with > r; = /. Therefore, as o #£1,
ﬂb’zr1+~-~+rz)\t1...t1 75 Zr1+--~+rz)\t1-.-tz’ (5.4)

and so we cannot have (/i)' A" = 2" A" for all ¢ € [I]. This contradicts the assumption that
D,(z, ) is reducible (if it were, i would fix the terms of D(z, A)).
To state the more general case, we first need to introduce a definition that will allow us to

identify the values ord(/:) can take for D, to be reducible.

Definition 5.3.6. Let 0 € ([Z]) for some k € [n] and let j € 0. Let B be the collection of b such
that there is a vector in the integer span of 4 (D) that is b in the j-th coordinate and 0 for every
other coordinate i € 0. The set B is an ideal of Z and is therefore principal. Define Div; (D) to

be the principal generator of B (the greatest common divisor of the elements in B). o

If @ = ¢, then Divy (13(D) = V' (where V' is from the discussion of the one-dimensional case).

In general, D, can factor only if ord(/1) divides Div, ,(D) (as otherwise the same situation as
(5.4) arises).

Example 5.3.7. Consider the polynomial f(21, 25, \) = 2222 + A2} + A3, Suppose there is a
w1 € T such that f(u121, 22, A) = cf(21, 22, A) for some ¢ € C. As every term must be fixed
under z; — 121, ¢ = 1 because A\? is invariant with respect to this change of variables. By
definition, Divy (13 (f (21, 22, A)) = 2. Thus p§ = 1, that is y; = £1. This agrees with the fact that
piatas = 23z,

In this case, Divy {12y (f(21,22,A)) = 4. Given py and po in T, where f(u121, flaz2, A) =
cf(z1, 22, \), then ¢ = 1. As \z{ is independent of /i, the order of z; must divide 4.

Finally consider h(zy, 20, \) = 27°25 + 2223" + A\. Assume g and p are in T such that
h(p121, flaze, A) = ch(z1, 22, \). Again, ¢ = 1. We have (z;°22)(2%2,')? = 2;. Therefore, we

find that Divy (1 0y (h(21, 22, \)) = 1. As pi %212 p323 = 27°23 and pi3 235 ' 25t = 2325, it follows
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21 = (e pud22) (322 uy P2y )% = iz We conclude that g, = 1. o
Remark 5.3.8. If o’ C o then Div; (D) divides Div; (D). o

We now state the general case. Recall Remark @; that 1s, we assume that if there exists a

p € Ug such that D(pz, \) = ¢D(z, A), then ¢ = 1.

[d]

Lemma 5.3.9. Let V be a Z?-periodic potential. Suppose that there exists o’ € (k_1

), where
1 < k < d, such that D,/ is irreducible. Let 0 = i U ¢’ for some i ¢ o’. If ¢; is coprime to

b = Div, ,(D), then D, is irreducible.

Proof. After reordering we may assume thati = 1and o = {1,2, ..., k}. By way of contradiction,
suppose that D, is reducible with factor g that is not a monomial, but gcd(q;,b) = 1. Let

o' = o~ {1}. Then

Dyog(z1's 22, ooy 2ds A) = H Dyog(pzr, 22, ..y 24, A).

WEUq,

As each Dyioq(pe21, 22, . - ., 24, A) s irreducible, g must have the following factorization,

g(zih?ZQa s 7Zda)\) = HDO"@Q(H'izla227 ey 2d, )\)7

=1

where 11; € U, and 1 < s < ¢q; that is, a nonempty proper subset of the irreducible factors of
D,oq(2", z2, ..., za, \) must appear as the irreducible factors of g(z{*, 22, ..., 24, A). As s < qi,
there exists ¢/ € U, such that p'py = 1 & {1, ft2, .. ., pis ). Notice we have the following two

factorizations,

S
@ ax _
gz, .. 2 ,zkH,...,zd,)\)—H H D121, Y229,y VkZky Zhtly - - 5 Zds A),

=1 y€U(1,q5,...,q5)

s
/ Ak — /
g((M Zl)q17"'7zk 7Zk+17"'72d7>\)_H H D(/'L/'LizlanyZQu"'77kzkazk+17"‘)Zda)‘>‘
i=1 y€U(1,q,,..., ar)
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As each D(uz, ) is irreducible and

gzt o2 s,z N) = g((W2) ™ 2 2, s Zay A,

these two factorizations are the same. For i and a given v € Uy, 4., there exists p; €

{pa, pos - sy and o € Uy g, q,) With

~ / /
D(f121,7222, -+« ViZks Zha1s - - -5 Zds A) = D121, 7522, + s YVeZhs Zhtls - - -5 2dy A)-

Let ji = y(j1)~t. Notice that, as ji & {u1,..., s}, i # 1. In particular, ord(jz) is an integer
greater than 1 that divides ¢;. If 2o, .. ., 2, do not appear in a monomial v(z1, 2x11, - . . 24, A) With
support in the integral span of A(D) then v(fiz1, 2k, --- 24, A) = U(21, Zks1, - - - 24, A). Since
ged(qi, b) = 1, by the definition of Divy 12, 13 (D) (= b), there exists a term v(21, 2Zj41, - - - Zd, A)

of D which is not fixed by u, a contradiction. O

Remark 5.3.10.  From the proof of Lemma[5.3.9] we can recover a version of [16, Lemma 3.4]. In
particular, suppose that for all ;1 € Ug one has D(uz, \) # D(z, A) (using the assumption that D
has a term that is constant as a polynomial in z). This condition essentially encapsulates condition
(A2) of [[16], which is an assumption of [16, Lemma 3.4]. Under this condition, notice that if g| D¢

and g is not a monomial, then we must have that D(uz, \)|g(z?, \) for every u € Ug; but then

g(29,)) = T D(pz,\) = Dg(29,)). Thus Lemma [5.3.9| essentially gives us conditions for
uelg
when (A2) holds when expanding the fundamental domain along a single coordinate axis (allowing

us to apply the argument of [16, Lemma 3.4]).
More generally, suppose that there exists ¢’ C o such that D, is irreducible and contains

a constant term as a polynomial in z. Without loss of generality, let o = {1,...,l} U ¢’ where

{1,...,1} Co’,and letUy = U, peg- If

DU/@Q(Zl, ceey 2ds )\) # DU/QQ(ulzl, e UZL, Bl 1y - - -y Rdy )\) for any u € Z/{Q/,
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then D, is irreducible. We avoid further discussions of this general criteria, as our goal is to

present practically verifiable conditions on D that enable us to conclude irreducibility for Dg. ¢

We will use the following corollary often in the examples of Section

Corollary 5.3.11. Let V; be the Z?-periodic potential V, and suppose that D is irreducible. If
there exist terms 27", . .., z;* with nonzero coefficients in D, then Dy, is irreducible for all () such

that ged(q;, a;) = 1 for all 4.

Proof. No matter our choice of i and ¢ C [d], Div;,(D)|a; and thus ged(q;, Div; (D)) = 1.
Starting with the fact that D = Dy is irreducible and applying Lemma at each step, as
ged (g, Div, o (D)) = 1, Dy is irreducible for each o C [d]. O

A facial polynomial (Dg)r is Z?-periodic if there exists a Z?-periodic potential VV/ correspond-
ing to a dispersion polynomial Dy, such that (Dg)r = (Dg)r. Suppose that for a QZ-periodic
potential Vy, the facial polynomial (Dg) is Z%-periodic due to the existence of a Z%-periodic V.
By Remark[5.3.2] if D is only homothetically reducible for V’, then (D) r is only homothetically

reducible. By Theorem [5.2.4] we obtain the following corollary.

Corollary 5.3.12. Suppose that for every facet F' of Newt Dy, except possibly one, (Dg)r is Z%-
periodic via the existence of a Z?-periodic potential V. If, for each F', Dy is only homothetically

reducible for Vi, then Dy, is only homothetically reducible.

5.4 Applications

We conclude with examples of periodic graph operators associated to various families of
periodic graphs which have irreducible Bloch varieties. We assume that all edge labels are nonzero.
For a Laurent polynomial f and a face F' of Newt f, the facial polynomial fr is potential-
independent if the potential, treated as a finite vector of indeterminates, does not appear in the
coefficients of fr. If a facial polynomial (Dg)r is potential-independent, then (Dg)r is Z%-
periodic via the zero potential. A face F' of Newt D (and its facial polynomial Dp) is apical if F’

contains the apex of Newt D, (0,...,0,m).
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Let S,, be the symmetric group on m elements, L(z, \) := L(z) — A, and let L, ;(z, \) be the
(1,7) entry of L(z, \). For w € Z4*1, we call w - (a, ) the weight of the term 2\ with respect to
w. The monomial terms in 7L(z, \) := ﬁ L; -5 (z, A) are said to be terms produced by 7. Notice
that in this way, D(z,\) = > o sgn(Z:)lTL(z, A). We say a permutation 7 € S,,, contributes to
terms of D,, if A(TL(z,\)) NA(D,,) # 0. We say 7 is nonzero if TL(z, \) # 0.

A Z%-periodic graph is a I-vertex graph if it has a single vertex orbit with respect to its Z?-
action. For d > 1, let I' be a 1-vertex Z?-periodic graph. Let L be a periodic graph operator

associated to I'. By [19], D is irreducible as Newt D is a pyramid of height 1. If d > 1, any apical

facet of Newt D is also a pyramid of height 1 and thus has an irreducible facial polynomial.

DV D0
AN
A "«' 'Aﬂ'

/]

T

——C
O——0
——

Figure 5.1: On the graph to the left, the orange edges are representatives of the edge orbits. On the
graph to the right, the square lattice with a highlighted (3, 2)-expansion of the fundamental domain
is depicted.

Suppose € N and let V be a QZ-periodic potential. For any nonbase face F, I:Q(z, A)
has one contributing permutation (the identity permutation) through its main diagonal, with each
entry in the diagonal contributing terms of the same negative weight. Thus the facial polyno-
mial (Dg) g, and therefore (D), is potential-independent. By Equation (5.3), (Dq)r (29, \) =

l_b[{ Dp(pz, N). It follows that Newt D, is a contracted (-dilation of Newt D and therefore a
neUq

pyramid. Hence, D is only homothetically reducible. To conclude that Dy, is irreducible, we

must show that one facial polynomial is irreducible.
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Example 5.4.1.  Consider a Z%-periodic 1-vertex graph I', where d > 1, such that D has a facial
polynomial D with the extreme monomials 21", ..., 25?. Two examples of 1-vertex graphs with
this property are shown in Figure [5.1] (12| Figure 6]). If ¢; is coprime to a; for each i, then by
Corollary (Dg)r is irreducible. Thus, by Corollary Dg(z, A) is irreducible for all
potentials.

Consider the left-hand graph of Figure The polytope Newt D has a face with the extreme

monomials 2 and z3. If ¢; is coprime to 3 and g5 is coprime to 2 then Dg(z, A) is irreducible. o

Example 5.4.2. Let d > 1. Take any 1-vertex Z?-periodic graph with at least one edge. Pick
an apical facet F' of Newt D. Notice that there must be some monomial z* occurring as a term
of Dr with a nonzero coefficient, for some a (# 0) € Z% Due to this, the collection of Q =
(q1,---.qa) € N%such that Dy;yeq is irreducible for all ¢ € [d] is infinite. In particular, this set
contains the Q € N¢ such that gcd(a;, ¢;) = 1; as Div; (4 (D) must divide a;, Dy;y0 is irreducible
by Lemma Moreover, we consider the infinite set of () € N such that ged(a;, ¢;) = 1 and
the coordinates of () are pairwise coprime. Given a () in this infinite subset, we see that (Dg)r is

irreducible by Theorem [5.3.4] Thus Dy, is irreducible for all potentials. o

Remark 5.4.3. The results of these last two examples overlap with the results and methods of [[16]].
In particular, if F" is a facet that is not the base, then Dy, is irreducible if Dp(uz, \) # Dp(z, A) for
all u € Ug (this is what they refer to as condition (A2), see Remark. In [16] 1-vertex graphs
were considered, and thus checking whether (A2) is satisfied is sufficient to conclude irreducibility
of Dg; as this condition implies irreducibility of the facial polynomial (D)) and only homothetic
reducibility immediately follows from the fact that the Newton polytope are pyramids (this is
essentially [16, Lemma 3.6]).

A difference between these methods is that we only require that any facial polynomial be
irreducible, whereas in [16] they always fix the face given by w = (1,...,1,—1). For example,
in [[16] it is concluded that the dispersion polynomial obtained from the Schrodinger operator
associated to the Harper lattice is irreducible for all (g1, ¢2)Z-periodic potentials when ¢; and ¢ are

coprime, but choosing another facial polynomial (for example, corresponding to w = (—1,0, —1))
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reveals that ¢; and ¢, do not need to be coprime. o

We adapt the following setting from [|15, Chapter 4]. Let ' be a connected, Z?-periodic graph
with fundamental domain W and support A(I"). The graph I' is dense if for all a € A(T), there is

an edge in [" between each pair of vertices in the union of W and a + W'.

Example 5.4.4. Consider a Z?-periodic dense graph I'. As I is dense, by [15, Lemma 4.3],
Newt D and its apical facets are pyramids for a generic labeling c. For Q € N it is straight-
forward to deduce that any nonbase facial polynomial Dg is potential-independent and thus only

homothetically reducible (such as in Examples [5.4.1] and [5.4.2)); in fact, any connected 1-vertex

graph is dense). By Theorem [5.2.4, D, is only homothetically reducible. To show Dy, is irre-
ducible for all potentials, it suffices to show that (Dg) is irreducible for some face F'.

In dimensions 2 and 3, proved that each Dy is irreducible when F' is not a vertex. By [15]
Theorem 4.2], for a generically labeled dense Z>2- or Z3-periodic graph, the zero-set of Dy is
smooth (and D|r is square-free) for any nonbase face F'. In particular, this implies that for every
facet I, Dy is irreducible (see [20]). It follows that Dy is irreducible for any nonbase face F'. As
the nonbase facial polynomials are potential-independent, it follows that Dy is irreducible for all

potentials for infinitely many choices of () (as in Example [5.4.2).

Figure 5.2: A periodic dense graph and its corresponding Newton polytope.

Consider the Z>2-periodic dense graph from [9] and depicted in Figure ([12, Figure 8]). The
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Floquet matrix of the periodic graph operator has entries:

Lig(z,\)=a+B2—z—21)+B+ls+m2—22—z" ) +r+rn+Vi-A
Lis(2,)) = —a — Bozy — B3z7! — Yo20 — Y325 "
Loi(2,A) = —a — Bozy ' — B3z1 — Y225 ' — 1322

Log(z, ) =a+ 84221 — 21 ) + B+ Ba+1u2— 22— 25 ) + 72+ 73+ Va — A,

Where «, f3;,7; are edge labels. Let F be the facet of Newt D exposed by (—1,—1,—1), then
Dy has exactly the monomial terms A2, 22, 22, A2y, Azp, and 2,2». By [15, Theorem 4.2], Dy
is irreducible. As Az, Azg, and A\? are terms of Dp, Divy (D) and Divs,(Df) both equal 1
for 0 = {1,2}. By Corollary (Dg)r is irreducible for any choice of ¢; and ¢», and by
Corollary[5.2.5] Dy, is irreducible for all potentials. o
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6. TORIC COMPACTIFICATIONS OF PERIODIC GRAPH OPERATORS

In Chapter[5] we gave criteria for the (ir)reducibility of the dispersion polynomial of a periodic
graph operator based on the geometry of its Newton polytope. Associated to this polytope is a fan
>’ which corresponds to a normal toric variety Xy that contains the ambient space of the (complex)
Bloch variety of this operator. In this chapter, we compactify this Bloch variety in Xy and study
its asymptotics. Studying compactifications of Bloch varieties is not new (see [3},|12,(14} 15,21]).
Our contribution is to realize the compactification of the Bloch variety of a periodic graph operator
as coming from an operator that extends to the boundary of its ambient toric variety.

In Section [6.1] we give an algebro-geometric analogue of the Floquet transform of a function
by introducing sheaves of qguasi-periodic functions on the affine toric varieties corresponding to
the cones in the fan ¥. In Section [6.2], we glue these sheaves together to form a sheaf on the toric
variety Xy and show this sheaf is isomorphic to a trivial sheaf on Xy,.

The Newton polytope of a dispersion polynomial has a distinguished facet known as its base.
In Section [6.3] we define a periodic graph operator as an endomorphism on a sheaf of quasi-
periodic functions on the affine toric variety corresponding to the base of its Newton polytope.
The characteristic matrix of this operator is an endomorphism on a trivial sheaf on this affine
toric variety, and the Bloch variety of this operator is revealed as the support of the kernel of this
characteristic matrix. In Section we compactify this Bloch variety in the toric variety Xy
associated to the fan ¥ of the Newton polytope of its dispersion polynomial. Section [6.5] shows
that if this Newton polytope is full, we may associate to an apical, nonvertex face of the polytope a
periodic, labeled, directed graph whose operator has Bloch variety equal to the intersection of the
compactified Bloch variety and the orbit corresponding to that face.

This chapter is based on work with Matthew Faust, Stephen Shipman, and Frank Sottile in the

upcoming article [/13]].
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6.1 Sheaves of Quasi-Periodic Functions

We follow the description of cones and fans from [[10, Section 2.1]. Let /V be a finitely gener-
ated free abelian group and let M := Hom (N, Z) be its dual group. Let 3 be a fan in N. We study
a particular class of sheaves on affine toric varieties associated to cones in ..

Given a cone o € %, its corresponding affine toric variety V, is spec C[o¥]. Let Oy, be the
structure sheaf on V,, and set R := &), (V,) = C[oY]. In order to give an algebro-geometric
analogue to the Floquet transform of a function, we consider the quasi-coherent sheaf [[ Oy, .
Since a quasi-coherent sheaf on an affine variety is determined by its module of global seacet]ivcj)ns, it
suffices to consider the R-module R := [] R. For each a € M, the function

aeM

ev(a) : RY — R

¥ — (a)

is a homomorphism of R-modules called the evaluation of v at a in M.
Let 0 € M be the identity of the group M. The lineality space of the cone 0¥ C M is the

group M, := ¥ N (—c"). Consider a splitting 3 : M /M, — M of the exact sequence

v BN
0 s M, < > M — M/M, —— 0 6.1)

L

where ¢ is the inclusion M, C M and 7 is the projection onto M /M,,. Then M is the internal direct
sum M, & 3(M/M,). Write m € ¢" as z™ € R = Clo"]. A function ¢ € RM is quasi-periodic
with respect to the splitting 3 if fora € M, ¢ € M,,and m € M/M,, (a+ €+ B(m)) = z%)(a).
The set O of such quasi-periodic functions is closed under addition and multiplication by elements
in R, making it into an R-submodule of R,

If v : M/M, — M is another splitting of the exact sequence , then the difference 5 —yisa
homomorphism from M /M, to M,,. Precomposing this with the projection 7 : M — M /M, gives

the homomorphism p : M — M, defined by p(a) := (8 — 7v)(w(a)). In particular, for ¢ € M,,
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p(£) = 0, and for m € M/M,, p(B(m)) = (8 —v)(m) = p(y(m)) as 7(B(m)) = 7 (y(m)) = m.
Let R* be the group of units of R. For a € M, multiplication by 2*(*) € R* is an isomorphism
R = R of R-modules. This induces the R-module isomorphism A5 : RY = RM given by

(A,p0)(a) := 2P@ih(a). Moreover, A;é = Ag, since (Ag,1)(a) = 27 Dy(a) fora € M.

Lemma 6.1.1. Let 5 and  be splittings of the exact sequence (6.1 and let Q. be the R-module of
quasi-periodic functions with respect to the splitting . Under the isomorphism A. 5, the R-modules

Qg and Q,, are isomorphic.

Proof. Let ¢z € Qp,a € M, € M,, and m € M/M,. Since p is a homomorphism, p(¢) = 0,
and p(y(m)) = (8 — ) (m),

(Aypop)(a+ €+ y(m)) = 27 22O 20y (a4 £ 4 5(m))
= 2P I (a £+ (y = B)(m) + B(m))

= 2. P L BN =By, (4 B(m)) = 2' A, s1bs(a)

showing that A g5 € Q.. Similarly, if ¢, € Q,, then Ag 1), € Qg. Since A,z is an isomor-

phism, it follows that Qg ~ Q.. O
Proposition 6.1.2. Under the evaluation ev(0) : RM — R, the R-module Qg is isomorphic to R.

Proof. Let ¢z € Qg and a € M. Then ¢g(a) = 2%3(0), showing 13 € Qg is determined by its

value at 0. O]

For the remainder of this chapter, we fix a splitting 5 : M /M, — M such that M = M, @&
B(M/M,) and denote Qs by Q,. Let O, be the sheaf on V, = spec C[o"] associated to the

R-module Q. This sheaf is the sheaf of quasi-periodic functions on V.
6.2 Gluing Sheaves of Quasi-Periodic Functions

The toric variety Xy associated to the fan X is obtained from the collection {V, | 0 € X} of
affine toric varieties V,, by gluing along the inclusions V, C V,, whenever 7, o are cones in > and

7 is a face of 0. We show there is a sheaf Os, on Xy; obtained from the collection {Q, | o € X} of
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sheaves of quasi-periodic functions on affine toric varieties V,, corresponding to cones o in 2. We

also show this sheaf is isomorphic to the trivial sheaf Ox,,.

Theorem 6.2.1. There exists a rank-one sheaf ég on Xy such that for any cone o in 3, the

restriction of Oy, to the affine toric variety V, is isomorphic to Q,.

We give gluing data for the collection {ég | 0 € ¥}. For the remainder of this section, let
7,0 be cones in ¥ and assume 7 is a face of 0. Let R = Clg¥] and S = C[7Y] so that R C S. Let
M, and M. be the lineality spaces of the cones o¥ and 7V, respectively, and note that M, C M,.
Consider a splitting v : M, /M, — M, of the exact sequence

m
0 > M, >» M, —» M./M, —— 0 (6.2)

where ¢ is the inclusion M, C M, and 7 is the projection onto M, /M,. Then M. is the internal

direct sum M, @ (M, /M,). By considering a splitting 5 : M /M, — M of the exact sequence

v BN
0 > M, > M — M/M, —— 0, (6.3)

L

M is the internal direct sum M, & S(M/M,) = M, & v(M,/M,) & (M /M,).

Let m, : M — ~(M./M,) be the projection onto (M, /M,) C M,. Fora € M, { € M,,
m' € M, /M, and m € M/M,, the map ., satisfies 7, (a + ¢ + y(m') + B(m)) = 7, (a) + y(m).
Let S* be the group of units of S. For a € M, multiplication by z™(® € S* is an isomorphism
S — S of S-modules. Since RM ®g S ~ SM multiplication by 2™(@) for all a € M induces an

S-module homomorphism g, : Q, ®r S — Q. defined by (g, )(a) := 2™ W), (a) fora € M.

Lemma 6.2.2. Let v : M./M, — M, and 8 : M/M, — M be splittings of the exact se-
quences (6.2) and (6.3)), respectively. Then ¢,,(Q, ®r S) C Q-

Proof. Let ¢, € Q, ®g S. Since M. is the internal direct sum M, @ (M, /M,), any element of

M, may be expressed as a sum ¢ + y(m') for { € M, and m’' € M,/M,. Leta € M, { € M,,
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m' € M;/M, andm € M/M,. As ., ({ + 5(m)) =0,

rotola+ L+ y(m') + f(m)) = 2Ty (0 4 0 4y (m') + B(m)

= z”w(a)‘f‘V(m/) . Z£¢a(a) = Zé—i_’Y(m,)g‘ro@bU(a’)’

showing that g,,v¢, € Q.. ]

To show that the homomorphisms g, are gluing data for a sheaf on Xy, we need to show they
behave well under composition. Suppose 7 is a face of the cone 7 and let T = C[n"]. Let M, be
the lineality space of Y. Observe that M, C M, C M, (since 7 is assumed to be a face of the

cone o). Consider a splitting 7' : M, /M, — M, of the exact sequence

v N
0 » M, —— M,, —» M, /M. —— 0 (6.4)

where ¢ is the inclusion M, C M, and 7 is the projection onto M, /M.. Then M, is the internal
direct sum M, @ (M, /M.). By considering the splitting v : M. /M, — M. of the exact
sequence (6.2), then M, is the internal direct sum M, & (M, /M,) & ' (M, /M,).

Similarly, we may consider a splitting 7y : M, /M, — M, of the exact sequence

v AN
0 » My —— M, —— M,/M, —— 0 (6.5)

L

where ¢ is the inclusion M, C M, and 7 is the projection onto M, /M,. Then M, is the internal
direct sum M, ® ¥(M, /M, ). It follows that v(M. /M,) @ ~' (M, /M.) ~ ~5(M,/M,).
Consider a splitting 8’ : M /M, — M of the exact sequence

BN
0 > My —— M —— M/M, —— 0 (6.6)

L
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where ¢ is the inclusion M, C M and r is the projection onto M /M,,. It follows that

M = M, ® B'(M/M,) = My &5(M,/M,) & 5'(M/M,)

= M, & (M, /M,) & (M,/M,) & §'(M/M,).

Let 75 and 7 be the projection of M onto (M, /M,) and ~'(M, /M. ), respectively. Then 75 =
7, + m,. Since 7 is a face of 7 and o, consider the induced homomorphisms g, : S¥ — TM,

gro : RM — SM and g,, : RM — TM.

Lemma 6.2.3. Letn) C 7 C o and lety' : M, /M, — M, and 7 : M, /M, — M, be splittings of

the exact sequences (6.4) and (6.5)), respectively. Then g, = gyr © gro-

Proof. Let v, € Q, ®r T. Since 7., + 7, = 75, we obtain

<g777' ) gTUwU)(a) = Zﬂw/(a) . Zﬂ'ﬁ(a)wo(cw — Z(Tr,y/‘i’ﬂ'—y)(a)wa(a)

= 2, (a) = goots(a)
forall a € M. Thus, g,; = gyr © gro- OJ

Suppose there exists 7" € ¥ suchthatn C 7/ C 0. By Lemma 9076 = Gno = GnrOGro
so the homomorphisms g, behave well under composition.
Proof of Theorem [6.2.1] By Lemma the collection {g,, | 7,0 € ¥,7 C o} of homo-
morphisms is a gluing datum for a sheaf Oy on Xx. Since ev(0) 0 gro : Qy ®R S — S'is an
isomorphism, the sheaves ég and O, are isomorphic. O]
By Lemma and Proposition the sheaf Oy, is unique up to unique isomorphism. We

call éz the sheaf of quasi-periodic functions on Xy.

Example 6.2.4. Let X be the fan depicted in Figure Consider the cone o generated by the

vectors (1,1),(1,0) and (1,—1), and the ray 7 generated by the vector (1, 1). Suppose Z? is the
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Figure 6.1: The fan of the two-dimensional cross polytope.

internal direct sum Z(1, —1) & Z(1,0). Set R = Clzy, zy~*, ] and S = C[(zy~')*, z]. Then

Q, = {¥s € R | Yo (atr,b+s) = Yo(a,b)} and

Q, = {¢7— € SZ2 | ¢T(CL+7‘+S7 b—T) = (q;y_1>r¢7_(a7 b)}

We show how to glue Q, and Q, along the intersection V, NV, = V.. Let 7(a,b) := (b, —b) be

the projection of Z(1, —1) & Z(1,0) onto Z(1, —1). Then ¢,, : Q, ®r S — 9, is given by
grot(a,b) = (xy)"@ep(a,b),  where w(a+r + s,b— 1) = w(a,b) + (r, —r).
Let ¢, € Q, ®gr S. Since 7(r,0) = (0,0),

Groo(a+ 1+ 5,0 —71) = (xy™ ") grothy(a,b),

showing that g,,1, € Q, and ¢.,(Q, ®r S) C Q.. o

Let W be a finite set and let a € M. Taking the direct sum of || copies of RM = C[oV]M,
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we obtain the R-module homomorphism

@ ev(a) : @ RM — @ R, (6.7)

ueW ueW ueW

which we identify with ev(e, a) : RW*M — RW, We also identify the R-submodule € Q, with
ueW

oY = {wa € RVM | 4, (u, at+-l+B(m)) = 24 (u,a) for £ € M, and m € M/MJ}

By Proposition we obtain the following corollary.

Corollary 6.2.5. For any cone o in ¥, the R-module homomorphism ev(e,0) : Q% — R" is an

isomorphism.

Using Theorem|6.2.1{and Corollary (6.2.5] we obtain the sheaf @gV = P Qs of quasi-periodic
ueW

functions on Xy. We summarize the results of this section with the following theorem.

Theorem 6.2.6. For any cone ¢ in Y., the restriction of @g’ to the affine toric variety V, is isomor-

phic to égV The sheaf ég’ is isomorphic to the trivial sheaf ﬁ)"(‘;.
6.3 Periodic Graph Operators on Sheaves of Quasi-Periodic Functions

We use the tools developed in Sections [6.1and [6.2]to define periodic graph operators as endo-
morphisms on sheaves of quasi-periodic functions. We define the Bloch variety of a periodic graph
operator and show it is the support of a particular kernel sheaf.

Let ' = (V, €) be a Z%-periodic graph and let W C V be a fundamental domain for the action
of Z*onT. We identify the set of vertices VV with W' x 7% as in [33| Section 2.2.1]. Consider the

C[z*]-module
QY = {w e Clz """ | p(u,a+ 0) = 2“9 (u,a) foru € W and a,l € Zd}

of quasi-periodic functions on (C*)<. Fix a labeling ¢ := (¢, V) of I'. A periodic graph operator

on QY is a C[z*]-module endomorphism L. : Q) — QF such that for ¢ € QY, L1 is defined
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by its value at (u,a) € W x Z4,

(L) (u,a) ==V (u,a)b(u,0) — Y Cluapmwn(v,b),
(w,a)~(v,b)
where (u, a)~(v,b) means (u+a,v+b) € € (see Section [2.3).

Set 0 := (0,...,0) € Z%. By Corollary the induced action of L. on C[2*]" is multi-
plication by the Floquet matrix L.(z) (see Section , and by extension of scalars, the induced
action of L. — Aldgw on C[z%, \]" is multiplication by the characteristic matrix L.(z) — Ay .
The kernel of the endomorphism L.(z) — Ay on C[z%, \]" induces a sheaf .# on (C*)¢ x C
called the Floquet sheaf of the operator L.(z) — Aly. The support of this Floquet sheaf .# is the
Bloch variety By, ([33, Section 4.2.4]). Equivalently, the Bloch variety B, _ is the set Var(D,),

where D, := det(L.(z) — M) is the dispersion polynomial of the operator L..

Lemma 6.3.1. The kernel of the operator L.(z) — Ay on C[z%, A\]" equals the kernel of the
operator a(L.(z) — M) on C[z%, A\]V for any unit « € C[z%]. Tt follows that the support of
L.(z) — My, equals the support of a(L.(z) — Ay ) for any unit o € C[z%].

Let A(D,) C Z%! be support of D,. The Newton polytope of D..is Newt(D,) := conv(A(D.)) C
R, Set P := Newt(D,) and let ¥ p be the fan in Z*! associated to P. Recall from Section [4.4]
that each cone o € ¥ p corresponds to a unique face F' of P. Fore := (0,1) € 71 the ray og
:= Ne in Xp corresponds to the base B = conv(A(det L.(z))) of P. Let Vg ~ (C*)? x C be the
affine toric variety corresponding to the ray . The lineality space of o, is Mg = Z* x {0}. By

extension of scalars, the C[z*]-module Q} is isomorphic to the C[o}]-module

Q) = {up € CloyV 2" | g(u,a + €+ B(m)) = 2“Yp(u, a),

for ¢ € Mp and m € Z*' /Mp}

of quasi-periodic functions on V3. By Corollary the induced action of L. — Aldgw on
Cloj]V ~ C[z*, A\]"" is multiplication by the characteristic matrix L.(z) — Ay, and the support

of .Z is the Bloch variety B;,_in Vp ~ (C*)? x C.
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6.4 A Toric Compactification of the Bloch Variety

Let P be the Newton polytope of the dispersion polynomial D, of a periodic graph operator
L.. As a complex algebraic hypersurface in V, the Bloch variety By, is not compact. By The-
orem the toric variety Xy, associated to P is compact. Thus, as Vp C Xy, the Zariski
closure By, of By, in Xy, is a compactification of the Bloch variety By,. To study the points

added in the compactification, we adapt the following terminology from [14]].

Lemma 6.4.1. [14, Lemma 1.10] Let F' be a face of the polytope P, and let M be the lineality

space of the cone o)., C Z*!. We have canonical maps

C[Mp| —— Clo}] —» C[MF], mor=1 (6.8)

that induce canonical maps of affine toric varieties

* *

OF’F>VF L»OF,

where OF denotes the orbit in Vx corresponding to the face F'.

Let f be a polynomial with support A(f) C Z*! and let F be a face of the polytope P. Recall
from Section that the facial polynomial fr of f is the sum of the terms of f whose exponent
vectors lie in A(f) N F'. Since we will encounter polynomials whose notation involves subscripts,

we will also write ing f for the facial polynomial fr.

Lemma 6.4.2. [14, Lemma 1.11] Let f be a polynomial with support A(f) C Z*! and let

Var(f) C (C*)¥*'. Denote the Zariski closure of Var(f) in Xx by Var(f). For any face F

of the polytope P and r € F' N Z%1,

(1) z7"f € Cloy] and Var(z~"f) C Vpis Var(f) N Vg, and

(2) 2" frp=m(z""f) € C[Mp] and Var(z~"fr) C Vi is Var(f) N O where the map
7 : Clo}t] = C[Mp] is the canonical map in Lemma
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Proof. (1) The polynomial f defines Var(f) C (C*)4*!. Let (f) be the principal ideal of C[Z+!]
generated by f. The closure Var(f) N Vi in Vi is defined by (f) N C[o}]. Let oz be a term of f
with « € C* and ¢ € A(f) N F. Then the polynomial z~¢f has « as a constant term and z~¢f €
Cloy] since A(f) —c¢ C o} If a € o), then 2* € Clo}] so that z°27¢f € C[o)]. Conversely,
suppose 2%z ¢f € Cloy| for some a € Z¥*'. Then az® is a term of 2%2~¢f, which implies
a € o). Thus (f) N C[o}] is the principal ideal of C[o).] generated by z=¢f. Letr € F N Z*1,

Then 2" f = 2 "27°f. Since ¢ — r € Mp, 2° " is invertible in C[o}] and (27" f) = (27°f).

(2) Using the map 7 in (6.8), (2" f) = 27" fp. H

Let I be a face of P and let r € F' N Z4*!. By Lemma the polynomial 27" D, is in the
monoid algebra Clo )] and 2z "ing D, is in C[Mp]. As D, = det(L.(z) — Aw), we investigate
when the endomorphism L.(z) — My of Clo}]" extends to C[o/]" such that, when the terms
of its corresponding matrix restrict to C[Mp], it becomes an endomorphism of C[My]" and the
determinant of its corresponding matrix is nonzero. In Section 0.5 we show that if P is full, then
L.(2) — My extends to an endomorphism of C[o%]" in this way for particular faces F' of the

polytope P.
6.5 Full Newton Polytopes

LetI' = (V, &) be a Z4-periodic graph and let W C V be a set of orbit representatives of the
free action of Z¢ on I'. Consider a periodic graph operator L. on Q% and let L. (z) be its Floquet
matrix. Let Sy be the symmetric group on the set W. For u,v € W, let f, , denote the entry of
the Floquet matrix L. (z) in the (u, v)-position (see Section 2.4). We may express the determinant

of L.(z) as
det Lo(z) = > sgn(p) [[ fupw: (6.9)

pESW uew
where sgn(p) is the sign of the permutation p.
We adapt the following setting from [[15, Chapter 4]. Since A(T") is the support of the graph T,
each term in L.(z) has support a subset of conv(.A(I")) and each diagonal entry of the characteristic

matrix L.(z) — My has support a subset of A(I") U {e}. Set @) := conv(A(T") U {e}).
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Lemma 6.5.1. [15, Lemma 4.1] Let P be the Newton polytope of the dispersion polynomial D..

Then P is a subpolytope of the dilation | |Q.

Proof. Since

Newt < H (f%p(u) — )\5u7p(u))> = Z Newt(fuvp(u) — )\5u7p(u)),

ueW ueW

foreach p € Sw, ] (fupu) — Adup(u)) has Newton polytope a subpolytope of |[W|Q. O
ueWw

The Newton polytope P = Newt D, is full if P = |W|Q. If P is full, for each face F' of P
there exists a unique face GG of @) such that ' = |W|G. Suppose the Newton polytope P is full.
Let F' be a face of P and let G be its corresponding face in (). The facial matrix ing(L.(z) — M)
corresponding to the face G is the matrix of terms of L.(z) — Ay whose exponent vectors lie in

G. We define the facial matrices ing L.(z) and ingA\Iyy corresponding to G analogously.

Lemma 6.5.2. Suppose P = Newt(D,) is full. Let G be a face of () such that I’ = |W|G is a face
of P. Then ing det L.(z) = det(ing L.(2)).

Proof. Since det L.(2) = > sgn(p) [[ fu,pw), We obtain

pESwW ueW

inF(det Lc(z)) = Z sgn(a)inF<H fu,p(u)>.

pESW ueW

Thus, it suffices to show that for all p € Sy,

ing (I furn) = IT (ineLe2))

ueWw ueWw wp(u)

Let p € Sy . Each of the terms of the facial polynomial inF< I1 fu,p(u)> has weight h and for
ueW

each u € W, each of the terms of the facial polynomial (inGLC(z)) has weight hg. Since P

u,p(u)
is full, hp = |Wlhg. As each vertex of P has a corresponding term in det L.(z) with a nonzero

coefficient, the result follows. O
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Lemma 6.5.3. Let GG be a nonvertex face of () such that F' = |WW|G is a face of P. The determinant

of the facial matrix ing L.(z) is nonzero.

Proof. Since G is not a vertex, the face F' is not a vertex, so F' contains a vertex s in the base
of P. By Lemma [6.5.2] det(ingL.(z)) = inpdet L.(z) and this determinant is nonzero since

ing(det L.(z)) has a term whose support is s. O

Recall from Section[4.2]that a face of a pyramid is apical if it contains the apex of the pyramid.
Since the polytope @) = conv(A(I") U {e}) is a pyramid, an apical face of () contains its apex, e.
If the Newton polytope P is full, then P = || shows P is a pyramid with apex |V |e.

Remark 6.5.4. Let GG be an apical face of (). Since e € G, ing (Al ) = Ay . Thus, the determinant

of the facial matrix ing(\ly) is nonzero. o

Lemma 6.5.5. Suppose P = Newt(D,) is full. Let G be an apical face of ) such that F' = |W|G
is a face of P. Then inp D, = det(ingL.(2) — AMw).

From now on, we assume the Newton polytope P = Newt(D.) is full. Let G be a nonvertex

apical face of @) such that ' = |W|G is a face of P, and let 7 € G' N Z%*'. By Lemma[6.5.3] the

determinant of the matrix z~"ing L.(2) is nonzero. Let ¢ be the inclusion C[Mr]" C Clo}]" and
7 the projection of C[o}.]"" onto C[Mp]". This induces an endomorphism on C[Mp]"
C[Mg]" > C[Mp])V
LJ: TN (6.10)
27" (Le(2) — AT
Cloy]W (Le(z) = Alw) > Cloy)".

given by the composition 7 o (L.(2) — AMw) o ¢.

Lemma 6.5.6. Let GG be a nonvertex apical face of () such that F' = |IV|G is a face of P, and let
r € G N Z*. The action of the endomorphism 7 o (27" (L.(z) — My)) o t on C[M]" is given

as multiplication by the matrix 2" (ing L.(z) — AMw ).
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Proof. In using the standard basis of C[M]" (which is indexed by u € W), the endomorphism
moz "(L.(z) — M) o becomes multiplication by a |W| x |W| matrix whose rows and columns

are indexed by vertices in W. Its (u, v)-position is given by

— Oypz A — Z Cumarn?® " (6.11)

u~a-+v

where a € G N Z*! and 4, is the Kronecker symbol. This matrix is 2" (ingL.(2) — AMy). O

Remark 6.5.7. Let G be a nonvertex apical face of () such that /' = |W|G is a face of P, and let
r € GNZ¥, By Lemma(6.5.5, det(2~"(ingL.(z) — Alw)) is nonzero. The support of the kernel

of 27" (ingL.(2z) — Al ) is the set

Var(det(z " (ingL(2) — Mw))).

/

If there exists ' € G with 7/ # 7, then 2 "(ingL.(2) — M) = 2" " - 27" (ingL.(2) — Mw),
where 2" 7 is invertible in C[o},]. Observe that the kernel of 2" (ingL.(2) — M) is the kernel

of 27" (ing L.(2) — M), so there is no loss in generality in choosing any r € G N Z4+1, o

Let GG be a nonvertex apical face of () such that F' = |W|G is a face of the polytope P. Let
r € (GNZ¥*) < {e} and let 7 : Z¥** — Z? be the projection onto the first d factors. By
definition of the Floquet matrix L.(z), each edge of I" has a weight in A(T"). Remove each directed
edge whose weight does not lie in G’ and add —r to the weights in G. The weights in —r + G
correspond to a set of directed edges £ for a graph ' := (V, Er) called the facial graph of I with

respect to . The weights of the edges of this graph correspond to the operator z~"ing L. (2).

Lemma 6.5.8. Let GG be a nonvertex apical face of () such that F' = |IW|G is a face of P, and let

r € (GNZ¥1)\ {e}. Then the facial graph ' with respect to r € G NZ4H is Z4™mF =1 periodic.

Proof. Since G is a nonvertex apical face of (), so is F. Thus, the face H := F'N B of ' and B is

not empty. Since F'is an apical face of the pyramid P and B is a facet of P, H is a facet of F'.
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Consider a splitting 3 : Mp /My — Mp of the exact sequence

v BN

0 —— My < » Mp — Mp/My —— 0

where ¢ is the inclusion My C Mp and 7 is the projection of My onto Mp/My. Then Mg is
the internal direct sum My @ S(Mp/My) and C[Mp] ~ C[My| ®c C[f(Mr/My)]. Since H
is a face of B, the terms of z "ing L.(z) lie in C[My|, and since H is a face of F', My has rank
dim H = dim F' — 1. As the set £ is obtained by removing edges of the graph I' = (V, £) whose

corresponding weights are not in A(T"), it follows that 'y is Z4™ "~ !_periodic. O

Theorem 6.5.9. Suppose the Newton polytope P is full. Let G be a nonvertex apical face of ()
such that F' = |W|G is a face of P, and let r € (G N Z%) \ {e}. Then the facial graph 'y with

respect to r is a Z4™ L periodic, directed graph whose operator z"ing L. (z) has Bloch variety

BL. N Op.

Proof. It remains to show By, N Op = Var(det(z " (ingL.(2) — AMw))). By Lemma

Br. N Op = Var(z""ring det(Lo(2) — Mw))
= Var(z~"I" det(ing L. (2) — Mw))

= Var(det(z7"(ingL.(2) — Mw))).
where the second equality follows from Lemma|6.5.5] The theorem is proved. U

We end this chapter with an example of Theorem [6.5.9]

Example 6.5.10. Let ' = (V, £) be the Z?-periodic graph depicted in the left side of Figure It
has two orbits of vertices and five orbits of edges. Let L be a periodic graph operator on I with u
and v as values of the potential at the vertices u and v. Let a, b, ¢, d and e be the edge weights.

Let A C 73 be the support of the dispersion polynomial D. The Newton polytope P =
conv(.A) is depicted in the right side of Figure
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Figure 6.2: A periodic graph and its corresponding Newton polytope, which is full.

Let B be the base of the polytope P. The operator L is an endomorphism on the free C[o}]-module

QY = {vn € Cle*,y* N | vnlw, (r.5,1) = 2"y Yu(w, (0,0,0)) .

Its characteristic matrix is

uU—A —a—bx~
L(z,y) — Mw = )
—a—br—cy—dr—t—ey! v—\

and its dispersion polynomial D = det(L(x,y) — Aly) is

M- (u+v)d+uw — (@ +0*+E+d*+e?) — (ab+ad)(z +27") — (ac+ae)(y +y 1)—

(be + de)(zy ™" + 27 'y) — (be + cd) (zy + (vy) ") — bd(z® + 27%) — ce(y® +y ).

Let F' be the face of the polytope P exposed by the vector (1,1, —1), and let G be the corresponding
face of F'in @Q = conv(A(I") U {(0,0,1)}). By choosing (—1,0,0) € G, the endomorphism
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w

L(z,y) — M extends to act on C[o);]"" as multiplication by the matrix

UT—TA —axr—b—cxy t—dx*—exy
xL(x,y) — Xl =
—azr—br*—cxy—d — exy* VT —T\

On C[Mp]", the action of this endomorphism is multiplication by the matrix

. —z\ —b—cxy™?
ving(L(z,y) — AMl2) =
—d — exy! —xA

By Lemmal|6.4.2, x> Dy = (z\)?+ (be +cd)xy ! —bd +ce(xy™1)? = det(zing(Lp(z,y) — \2)).

Figure 6.3: A facial graph associated to the facet of a full Newton polytope.

Figure [6.3]shows the corresponding Z-periodic graph I's. o
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7. SUMMARY

We investigated the relationship bewteen the Newton polytope of the dispersion polynomial
of a periodic graph operator and its complex Bloch variety. In Chapter [5| we used this Newton
polytope to give criteria when the irreducibility of this dispersion polynomial is preserved after a
change in the period lattice. Chapter [5is based on published work with Matthew Faust in [[12].
In Chapter [0 we compactified this Bloch variety in the normal toric variety associated to the fan
of this Newton polytope. We realized this compactification of the Bloch variety as coming from
an operator that extends to the boundary of this toric variety. Chapter [f]is based on an upcoming

article with Matthew Faust, Stephen Shipman, and Frank Sottile in [13]].
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